Slides Chapter 1-7 Dickhoff-Van Neck

* Preliminary material covered in slides of Chs. 1-5 assumed more
or less familiar

* Green's function formulation of single-particle problem in Ch.6
slides useful preparation for general formulation

- Single-particle propagator in many-fermion system introduced in
Ch.7 slides



Symmetric and antisymmetric states

When is quantum physics expected?

Consider the energy levels for a particle of mass m
enclosed in a box with volume V = L?
h2
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System T (K) Density (m™=2) Mass (u) Q
He (1) 4.2 1.9 x 10%8 4.0 1.1
He (g) 4.2 2.5 x 1027 4.0 1.4 x 1071
He (g) 273 2.7 x 10%° 4.0 2.9 x 1076
Ne (1) 27.1 3.6 x 1028 20.2 1.1 x 1072
Ne (g) 273 2.7 x 102 20.2 2.5 x 1077
e~ Na metal 273 2.5 x 10?8 5.5 x 1074 1.7 x 103
e~ Al metal 273 1.8 x 10%° 5.5 x 107% 1.2 x 10*
e~ white dwarfs 107 1036 5.5 x 107* 8.5 x 10°
p,n nuclear matter | 10! 1.7 x 10%4 1.0 6.5 x 102
n neutron star 108 4.0 x 10*4 1.0 1.5 x 10°
8"Rb condensate 10~7 1019 87 1.5




Bosons and Fermions

+ Use experimental observations to conclude about
consequences of identical particles

» Two possibilities
- antisymmetric states = fermions half-integer spin

* Pauli from properties of electrons in atoms
- symmetric states = bosons integer spin
- Considerations related to electromagnetic radiation (photons)

» Can also consider quantization of "field” equations

- e.g. quantize "free" Maxwell equations (see standard textbooks)



Wolfgang Pauli (1900-1958)

* The Nobel Prize in Physics 1945 was awarded to
Wolfgang Pauli "for the discovery of the Exclusion
Principle, also called the Pauli Principle".

* paper Zeitschr. f. Phys. 31, 765 (1925)



Review single-particle states
* Notation ...)

+ ... list of quantum numbers associated with a CSCO
- Normalization (@|3) = da

- Continuous quantum numbers

- Example (r,ms|r’,my) = 0(r — v")m, .m

* Completeness Z a) (o] =1

Consequences for two-particle states
» CVS for two particles: product space

* Notation jaraz) = o) [az)  =—

» Orthogonality (crazlaiah) = ba;,a,00s.a8

+ Completeness Z japaz)(araz| = 1

12




Exchange degeneracy

+ Then Oég()él) 7& |Oé1042)

o)
cilarag) + ea|asan)
yield a; for one particle and s for the other upon measurement

* Yet, unclear which state describes this system and therefore
inconsistent with quantum postulates

* Consider permutation operator
P12’&1a2) — \042041)
with P12 — P21 and P122 =1

 Hamiltonian for two particles is symmetric for 1 & 2



Development

2 2
. : 1toni _ b P _
Typical Hamiltonian H = o T T V(lry —r2)
- Consider operator acting on particle 1 and corresponding
eigenvalue A1|041042) = CL1|041042)

- Similarly, the same operator acting on particle 2 yields

AQlO&lOéQ) — CLQ’OleéQ)

- Note P12A1\Oé1042) — G1P12|CV16¥2) — CL1\042041) — AQ\OQOQ)
- and PioAi|ajas) = Pio A1 P Prolanas) = Pia APt lasar)
» Holds for any state; therefore P A PL = Ay

- It follows that PL,HP,' = H or [Pi2,H|= 0



Symmetric and antisymmetric two-particle states
- So [Plg,H] = 0

- Common eigenkets either .

r0z), = —={la1az) + |agan)}
or | \/§

) = \ﬁ{\alaz) — Jagan)}

+ Eigenstates of the Hamiltonian either symmetric = bosons

or antisymmetric =fermions

/2
- Two-boson state ‘041042 |:2na'na :| {‘CHOCZ) + ’CVZOKl)}
&1:&2:&:>‘na:2 aa) o = |a) |a)

a1 # Q2 = |a1an) g = \ﬁ {laraz) + |azar)}



Fermions
. Antisymmetry:  |asar) = — |ajas)

* Both kets represent the same physical state: count only once in
completeness relation = “order” quantum numbers

1),]2),13), ...
© Ordered: > Jig) (ij] = 1
1<J
1 g
* Not ordered: o; 1j) (ij] = 1

]

Bosons ordered: Z ig) (ij] = 1

1]

> o 1) (] =1

]

not ordered:



Scattering of identical particles

Particles that can be "distinguished”

particle a in D1 (a) j—g(a in D1,bin D) = |f(0)|

d
particle a in D2 (b) d—;(a in Da,bin D) = |f(x — 0)|°

d
any particle in D1 d—g(particle in Dy) = \f(@)]2 + | f(m — 9)]2



Tdentical bosons
» Cannot distinguish (a) and (b)

b 8 ) Cb)
-8
2 2 (b) '

* Rule for bosons: add amplitudes then squarel

do 2
% (bosons) = |7(0) + f(x — 0)

- Interference

* 90 degrees: factor of 2 compared to "classical” cross section



IZC + IZC

Low-energy boson-boson scattering

>

10

\ PC+"C at 5 MeV

Differential Cross Section (mb/sr)
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Phys. Rev. 123, 878 (1961)



12C a boson?
- 6 protons and 6 neutrons

- total angular momentum integer (made of 12 spin-3 particles)
- ground state 0*
» first excited state above 4 MeV

+ “He atom: 2p + 2n + 2e =boson
- 3He atom: 2p + 1In + 2e =fermion

- but

(b)



Fermion-fermion scattering
+ Identical fermions: electrons with spin up

d—a(fe’rmions) = |f(0) — f(r—0)|

D, D,
SPIN SPIN
uP up
8
ELECTRON ELECTRON  ELECTRON 8 ELECTRON
& o [ —— Y

SPIN SPIN SPIN SPIN
up uP uP uP
-8
SPIN
uP
(a)
D, D, (b)
D, D,
What abou W |
¥ at about
DOWN
8
ELECTRON ELECTRON  ELECTRON ELECTRON
*T 8PN SPIN ¢ ~—
uP DOWN o SPIN

D2 (a)



N-particle states (fermions)

- Product states laias...ay) = |ag) |as) ... lan)
* Normalization
(@rag...an|ajas...aly) = (ai]a))(as]ad).. {an|ay)
— 50417@/15@27@/2 50”\“@3\,

+ Completeness Z las...an)(ajas...ay| = 1
xd102...X N
- Identical particles: symmetric or antisymmetric states
1
. L . . L o\
Fermions: use antisymmetrizer A = N1 Z( )PP
p
* Permutation operator: product of two-particle permutations

- # of two-particle permutations odd/even = sign



Example for 3 particles
* Check odd/even permuTaTion

la1asas) = la1asas) — |asaras) 4+ |asasar)

V6 {
— ‘043042041) -+ ’043041042) — ’041043042)}.
- Note normalization (6 states)

- Also note anTisymmeTr'y ’041042043> = — ’042041043>

* No two fermions can occupy the same statell

+ Example for three bosons (symmetric state) [Check!]

’&1041&2> — {‘041&1&2 —+ ‘041&1&2) -+ ’&1&20&1)

\/3'2

T \042&1&1) + Jagaian) + !Oé1a2041)}

‘041041&2 ‘&10&20&1) -+ \042041041)}.

oy



N fermions
+ Completeness with ordered single-particle (sp) quantum numbers

ordered
Z ‘()41()42...()4N> <041042...04N‘ =3

xd109...X N

‘&1&2”11N><Q1QQHJXN‘:Z 1

- Not ordered 1
2

xd109...X N

* Normalization with ordered single-particle (sp) quantum numbers
(aras...ay|lajas...aly) = (ai]ai) {as]ab)...(an|ay)

/ / /
chaléagﬂﬁ-ﬂéaNyaN

- Not ordered = deTerminan:’r

(o) (aafag) ..o (aafaly)

L (@zlag)  (aglag) ... {az]aly)
(apQa...ay|ajas...aly) =

(anlod) (anlah) ... (anldly)



Normalized N-particle wave function
» Called a Slater determinant

o) oo
1 1|2 LN |2
Varas...an (T122..TN) = i

<£E1’C¥N> “ .. <$N‘CVN>

- Hard to work with Slater determinants

» Use occupation number representation or second quantization



Second quantization
- Motivation:
- Slater determinants tedious to work with

- Relevant operators change only the quantum numbers of one or two
particles (and in exceptional cases three)

- Consider states that are labeled by the # of particles occupying
sp states = occupation number representation

* Allow states in CVS with different # of particles = Fock space
0)

{|a) }
{larag) }

« Includes new state: the vacuum
- all sp states

- all antisymmetric two-particle (tp) states

{’&1(){2...C\ZN>}
- all antisymmetric N-particle states

- up to infinite number of particles ..



Alternative writing

+ Vacuum state 0) = 100... 0)

Q1. Qoo
+ Sp state la;) =100..0 1 0..0)

87
. Tp state i) =100..0 10..0 10..0)
QU o
- efc.
ordered

* Use ordered states Z Z jarag...an) (@rag...ay| =

N=0 ajoz..an

+ Introduce new operator in Fock space a/,



Particle addition (creation) operator
- Definition al laias...ay) = |laaias...an)

- Takes an antisymmetric N-particle state and turns it into an
antisymmetric N+1-particle state with o occupied!lll

- Note:

- « = ; =hot astate
. aF = i=1,..,N new state (may require ordering)

- Acts on any state

f _
* Including @ |0) = |
al, 18) = |ag)
* and
- etc.

* What about the adjoint operator a. ?



Particle removal (destruction) operator
» Action of adjoint operator?

00 ordered
Uo |1an...an) = Z Z o as..aly,) (o as..ay | ag |aras..an)
M=0 ofaj..ay,
00 ordered
= Z Z o ady..olyy) (ras..an|al [oady..oly)
M=0 ofai..ay,
00 ordered
= Z Z o an..aly,) (aas..ay|aadas..aly )
M=0 «ofal..ay,

- Consider once « placed in the correct location = (—1)"""

(ar0g...an|a)dy...ad)...aly) = Oay 0/ 0asal 0,000, 1,0 Oan.aly .
.- S0 o laras...an) = (1) oqag...ai_1aipq...an) if @ = o
. or Ao |lar1as...any) = 0 if o Aa;,i=1,.... N

+ Example: %« 0) =0 Note: again antisymmetric statel



Fermion anticommutation relations
{ag, a;} — aaag + a%aa = 0.3
{aa,ag} = {al, al} =0

+ "Easy” to demonstrate
* Rewrite antisymmetric state

‘041042&3...04]\[> — a&l |042043...04N> — CLZHCLLQ ‘043...04N> = ...
= al, al ..al 10)= Hal;i 0)
» Ensures Pauli principle '
aras..ay) = al, al ..al 10) = —al_al ..al 10)

- - |042041...CKN>

» Occupation numbers
e, =1,n46, =0,nq, =1,0,....,0,...) = |azag)



One-body operators in Fock space
* Examples?

- 1particle insp space F =) » |o)(a| F|B3) (B
o« B

- Operator completely determined by all {(a| F'|3) matrix elements

N

+ N-particle space Fn = F(1) + F(2) + ...+ F(N) = > F(i)
» Action of F'(¢) on a product state !

F(i)lorosas...ay) = |a)fog) .. Joi—1) {0 18:) (Bi Flow) } |aigr) - |an)
Bi

— Z<62’F’az> ’&1...Oéi_1ﬂi04i—{—1---a]\7)
Bi



One-body operators (continued)
* Matrix element (5;| F'|a;) same for any particle (dummy variables)
» Then
Fy|loarasas...an) = F(1) |ay) |ag) ... |an) + ... + |a1) |ag) ... F(N) |an)
- Z (Bi| F'an) |Brag...an) + ... + Z On| Fan) |aro...On)
BN

ZZ (Bil F'|aw) |arag...cim1 Bicviyr-.an)
i=1 B,

- Since Fyis symmetric it commutes with the antisymmetrizer A
* Thus

FN ’041042043---04N> =

] =

Z <Bz‘ F ‘Oéz> |041042...()z7;_1ﬂ7;047;+1...()z]\7>

=1 (;



Fock-space one-body operator
- Consider Fock-space operator "= (a|F|3)ala

- Note the "™ notation

» This operator accomplishes the same as F for any N |

- Use [Foal] = D (ol F|B)[alag,al,] =) (ol F|B) (alagal, — al, alas)
af af
= > (a|F|B)al(agal, +al, as) =D (ol F|B)aldp.,
afB af

— Z<a|F|ai>al; = Z<ﬁi|F\O‘i>aTﬁ
Bi

(o7

. and apply F|0410420z3...04N> Faal Qg LN ‘O>

= [F,agl]ag . \O}—i—aJr Fa .al, 10)

= [F,al,]al,...al, 10) +al, [F, aT] a0y + ..+ al, al, . [F,al, ]]0)
N

- ZZ<6@|F|&Z> a'jll"'aLi—1a2iaLi+1”’a2N |O>
=1 B,

N
= Y G Flad e afaiay) Y
: Bi



Examples
Density operator for N particles pn(r) =) d(r —r;)

Second-quantized form: choose{|”, ™)} basis

In Fock space

Mg, Mg

— E :arms Arm
ms

Kineticenergy 7T = ) (a|T|B)alag

af

pg +

= Z (P11 | Q—Ts [p2m2) Apym, Apama

Pi1mip2m2



More examples
- Consider N = ZQL%

+ Determine {N,a:&i} — Z [al;aa,aT |

- (2
— aLi
+ Therefore N |ai...an) = N |aj...an)

Change of basis  al |0 ZM (Ala) = al |0) (Aev)

Also @ =2 _(alNay

A



Two-body operators in Fock space
V=2 laB)(aplVo)(

- Similar strategy

* N-particles

- Consider

aB o
[ V(1,2)+ V(1,3)+ V(1,4
Vi(2,3)+ VI(2,4)
< V(3,4

N
S Vi) =5 S V)

i<j=1 i#j

o

—
)+

V(i,j)\ozl..ozi..ozj..aN) = Z(ﬁiﬂj|V|Oéq;04j)‘Ckl..&i_lﬂiOéH_l..ij_lﬁjOéj_|_1..OéN)

BiB;

* Matrix elements do not depend on the selected pair

* (8:8j|V|ee;) identical for any pair as long as quantum numbers are

the same, so

VN‘OqOégOég...OéN

1<j=1 305,

N
)= > Y (BiBIV]way)|on...B;...3..on)



More on two-body operators

* Note: Vx symmetric and therefore commutes with
antisymmetrizer

- As a consequence

N
VN ‘051042043...OéN> = S: Sj(ﬁzﬁj“/‘()ézoéj) ‘041...57;...ﬁj...()é]v>

1<j=1 B 05;

» Fock-space operator

1
— Z (afB|V|y0)al aﬁa,(;a,y
aBvyo

[\')

» accomplishes the same result for any particle number!

- Note ordering



- Note

Two-body operator

1
> S (aplVhd)alablasas, af,

aBs
...... aLa}g(a5a7a£i -~ a:fxia(gav)
...... CLLCLE(%(%@ — aLiav) — a}lia(sav)
...... agag(a(ﬁ%a 05,a; Q)
% Z(&6|V|Ozi5)a2a%a5 — % Z(aﬁ\Vh(xi)aLaga,Y
aBd afy
Z(aﬁ|V|ai5)aLa2a5 — Z (ﬂiﬁj|V|aiai/)a£ia2j Uy,
a B8 Bifja,

(aB|V|vo) = (BalV]ov) since  V(i,7) = V(j,1)



Two-body operators

+ Use to show V0|ewosas...ay) = Val af .al, 10)

* Employ

- Often used

- with
 Check!

a1 oot

al, ..[V,al ]...al, |0)

|
.MZ

~
I
—_

[
= 1[M]=
—_
=
=M
0
/N
&
' &
=
8
£
N~—
S
Q —+
S
o+
S
w—+
S
Q
S
Q —+
x
5
Q —+
2
=
~

I
— L
<.
V

~.
D
@

<

Bja Bj
A 1
V = 1 625 (afB|V |v6) aLaEa(sa,y
a By

(aB|V [10) = (af|Vnd) — (aB|V]dy) = (aB| V [1d)



Hamiltonian

Most common operator A = T+V

= ) {alT|B)d

af

Notation often used !, _(r)=dl,,.

Use (rm.| T [r'm)

C(nd (rims, roms, |V (r,r")|rsms, ramsg,)

In this basis # - > e vl

—h2

lag+ = Z (afB|V|vd)a! OLBCLC;CL7

aﬁvé

— —v25(T - T,)(SmS,m’S

2m

—v2 }wms

= 5(?“1 — T3>6(T2 — ’I"4)

X 5m51,m33 5m32 ,m34v(‘r3 o T4D

3 30 [Er [ el OV (= g () ()

msms

appears as "second quantization”



IPM for fermions in finite systems

- IPM = independent particle model

* Only consider Pauli principle

» Localized fermions (for now)

- Examples

» Hamiltonian many-body problem: H=T+V =H+H
- with ﬁo =T+U

+ and H =V -U

» Suitably chosen auxiliary one-body potential U

* Many-body problem can be solved for Hy 1

- Also works with fixed external potential U..:

A A A A

H=T+U.,,+V =H,+ H




Role of U
» Can be chosen to minimize effect of two-body interaction

* Ground state of total Hamiltonian may break a symmetry

- Spontaneous magnetization

» Can speed up convergence of perturbation expansion in H,

- Spherical symmetry: sp problem straightforward but may have to
be done numerically

- Assume solved: e.g. 3D-harmonic oscillator in nuclear physics
Ho|A) = (T'+U)[A) = ex|A)

* For nuclei |\) = |n(fL)jm;)

 For atoms (include Coulomb attraction to nucleus)

A) = [nlmgims)



Use second quantization
- Consider in the {|)\) } basis (discrete sums for simplicity)

A

Hy = Y (N(T+U)X)alax
AN
— ZE}\/ (S)\ 2\ CLACL)\/ ZS)\CLACL)\
AN

. All many-body eigenstates of Hy are of the form
BN) = Mo Ay) =a) al ..al_ |0)

* with eigenvalue

N
1=1



Explicitly
|:H07 CL)\i:| — €>\ia)\7;
- and therefore
I:\Io ’)\1>\2)\3~-)\N> = ﬁoailai\Q...a;N ‘O>
= [Hy,a} Jal,...al |0) +al Hodl, ..al |0)
= [Ho,ai\l]ai\z...air\N ‘O> + a'i\l [HOJCL;Q]"'G’;N |O> + ...t a’ilaig"'[HO’ai\N] ‘O>

N
= {Z{f)\i} |)\1)\2>\3---)\N>
1=1

» Corresponding many-body problem solved!
* Ground state |$)) = H ' 10)

CLAi

N <F

- Fermisea = F



Nucleons in nuclei
- Atoms: shell closures at 2,10,18,36,54,86

- Similar features observed in nuclei

- Notation:

- # of neutrons N

- # of protons A

- # of nucleons A=N+7

» Equivalent of ionization energy: separation energy

- for protons  S,(N,Z) = B(N,Z) — B(N,Z — 1)
- for neutrons S, (N,Z) = B(N,Z)— B(N —1,7)
- binding energy

E(N, Z) B(N, Z)

M(N,Z)= =322 =Nm, + Zm, — ——

C C



Chart of nuclides

- Lots of nuclei and lots to be discovered
®

symmetry studies

A
@ with francium
100 slow neutron @
capture process heavy element
(s-process) studies
proton dripline
. 100 fission limits
doubly magic "~ "Sn
Z WG - S " nucll with
nuclei nuclei with large
S0~ @ neutron excess

rapid proton
capture process
(rp-process)

rapid neutron
. 132._ Capture process
. doubly magic ““Sn  (r-process)

® weakening of
N e—neutron driplinesr_'e" sgscture
(halo nuclei 1 .
50 100 150 ~
N

- Links to astrophysics



Shell closure at N=126
* Odd-even effect: plot only even Z

N —
7 L
% or’/.
g //
U)g 6 + .
Solid: N-Z=41
Dashed: N-Z=43
5 L \\\ _
4 .............................
110 115 120 125 130 135 140
N

- Also at other values N and Z



Tllustration of odd-even effect
- from Bohr & Mottelson Vol.1 (BM1)

S, 4
MeV

S, (N,Z) =B(N,z)-B(N-1,2)

10 - N—Z =21

L1 1 ) b1 1 [l 1 L4 1. .1 P
70 75 80 85 S0 N



- BM1 figure

Neutrons

15 +

Sp MeV

N-Z=-1
/‘\,/ N odd
S = N - -1
LNz ) ;
fj/s )'/,:\\_/
v/' //\ U "o 3 3
— .15 - T 37
//Mﬁ //?/—\'/./19‘253 25 2729 3 ,\_///:/j/,wr" o
o . > P\ /. ’ _4[\,3/,— 51
s // /W/ /;\?7/«5/ ’ A \32' i3 /‘Cf,//ﬁ/i.‘; s
T e ‘ \ﬁ/j;"/é s
|
l 1 1 ] A 1 1 1 L 1 1 1 1 i 1 N
0 10 20 30 40 50 60 70 80 90 100 10 120 130 140 150 160
= 8 20 28 50 82 126



Protons
BM1 figure

N even
Z odd

Sp(N,Z)=B(N,Z)-B(N,Z-1)

Sp MeV

0 10 20 30 40 50 60 70 80 90 100

8 20 28 50 82



Systematics excitation energies in even-even nuclei
» Ground states O°
» First excited state almost always 2*

- Excitation energy in MeV

Sh 50 - — esliaolizr 1221}1;5 1.14?3}1
cd | 06300.63/066 0.61057,0.51 3
ey - - 056/0.510430.37 '
Ru - o ' i ~ loesossiosalosrioss
Mo 7 | ‘ | A 1540870.77/0.78/0.53 O
Zr 40+ ] . ) ) ] 218)093/092/175| | ‘
Sr " | 7 | | lagayros[iss | .
Kr B ] ] 7 . |ossjoszlo7s 089 o
Se 0.64/056/062/065/065 b |
|

|

}

Ge B ' B ] M*F]OLO.BBDBOO.SB‘
Zn 30+ 100104 108:0.89
Ni . [pssfiasfiazfinzias ‘
Fe 7 ] ~ oesfiacjosiosn] | | o }
Ccr ~ o79)r43foss Lo |
Ti ' 088/099[155
Ca 20 3911521116 135380
A 198[216]146[ 114
S ~ lropasanl | L
Si L | a78izsfzesiee | |
Mg 0399[137{1.83(1.47
Ne 10 ~ hesfiespzaf2on | | | |

C 33404.43[>7 |1.76
Be 150[290/2.37 !

He 2 [ | Ll l | |




Heavy nuclei
* Magic numbers for nuclei near stability:
- /=2,8, 20, 28, 50, 82
- N=2, 8, 20, 28, 50, 82, 126

Fm 100 - 44
cf 42042
cm ' 7 424304343
Pu o - 45|44 |43] 45
U h T . [s2]e7]4a]45las
Th 90- R 93]72]57|53]50 48
Ra 177{111|84 68|59
Rn 7 ls0320j2400187
Po leasi1sol730/610[540(510
Pb hos21027960/800l800lk070795 808837
Hg 80 - l23428/426]412 3704 40/430
Pt ' 162 220256)300[320[330[350[400
Os “T3afr20[137}155187]208
w 12311 [108 104102100 [ 111 122
HE 156[124| 99|95 |91 | 8893 |93
Yb 70 3581243166[122]102| 87 84] 79|76 | 82
Er 3441193 [126/102] 91| 81|80 |79
Dy 350138193 878173
Gd 780  340[123/89 (80|75
Sm h590|740/660/340/122] 82
Nd 60 1570{690 450[300[131
Ce 40l Jetoftscols3n
Ba 2291256/280[360}4701600/8201430]
Xe 322|331/360[390/460/530/5701860[1380| 1460
Te 500(610 |504|560(560|600/650/750850

Sn 50 —1280130012701220115011!.01130J
T T T T T T T
70 80 90 100 1o 120 130 140 150 N




Nuclear shell structure

* Ground-state spins and parity of odd nuclei provide further
evidence of "magic numbers”

» Character of magic numbers may change far from stability (hot)

12— 1 ‘
10k Odd-Neven Z 20 :I'Z=1/2

S, (MeV)
DB ARO PO N B

A.Ozawa et al., Phys. Rev. Lett. 84, 5493 (2000)

* N=20 may disappear and N=16 may appear



Empirical potential
Analogy to atoms suggests finding a sp potential = shells + IPM

Difference(s) with atoms?

Properties of empirical potential 0-26
- overall? *%pp(e,e)
IO'28 - ¢ W= Experiment

- size? - l;v:]ic:;:yF‘ield
- shape? NE’ 10-30 }-

£
Consider nuclear charge density s |1

o 079~ « N

S < %\

o - = 8\

\
0.08F
[O=34 |— b %Qﬁ

0.06F - A
\
B 0.04F o)
| °\g%
[0-36 o.oe‘\/\ \\
S %

L 8 r(fm) \
Frois & Papanicolas, Ann. Rev. Nucl. Part. Sci. 37, 133 (1987) ‘i

|O-380_,,,,J_7, ! o




Nuclear density distribution

» Central density (A/Z* charge density) about the same for nuclei
heavier than 0, corresponding to 0.16 nucleons/fm3

* Important quantity

-~ B EXPERIMENT

» Shape roughly represented by oo MEAN FIELD THEORY
Lo
ch\T') = —
pen(T) T exp (2=5)

¢~ 1.07A3fm

z ~ 0.55fm

chjr) (e.fm3) x1072

* Potential similar shape



Empirical potential
- Bohr Mottelson Vol.1

U=V 1)+ Vie (50 ) 7B 40

» Central part roughly follows shape of density

) = {Hexp (T;R)]_l

- Woods-Saxon form

. Depth V = {—51 + 33 (N;Z> } MeV

+ heutrons

- protons
. radius R =19 AY3 with ro =1.27 fm

- diffuseness a = 0.67 fm



Analytically solvable alternative
* Woods-Saxon (WS) generates finite number of bound states

- IPM: fill lowest levels = nuclear shells = magic numbers

* reasonably approximated by 3D harmonic oscillator

. ol
Uno(r) = §mw2r2 — W ol
% —10_—

p? S

.= £ [ = —20_
U 2m _I_ HO( ) ~ -30 -

- Eigenstates in spherical basis




Harmonic oscillator
» Filling of oscillator shells
+ #of quanta N =2n+ ¢

N n 4 # of particles “magic #" parity
0 0 0 2 2 +

1 0 1 6 8 -

2 1 0 2 *

2 0 2 10 20 +

3 1 1 6 -

3 0 3 14 40 -

4 2 0 2 *

4 1 2 10 *

4 0 4 18 70 +



Need for another type of sp potential
» 1949 Mayer and Jensen suggest the need of a spin-orbit term

» Requires a coupled basis

in(ls)jm;) = Z intmems) (£ my s mg| j mj)

MM g
+ Use £-s =1(j% — £% — 5?) to show that these are eigenstates
l-s . L .
3 n(ls)jmy) =4 (7 (7 +1) = €L+ 1) —=3(3 4+ 1)) [n(ls)jm;)
. For j=/0+1 eigenvalue 5t
- while for  jJ=/{—3 —3(l+1)

* 50 SO splits these levels! and more so with larger /¢



Inclusion of SO potential and magic numbers

N =6,7+

- Sign of SO?

l-s
‘/Es (?)

Vis = —0.44V

- Consequence for N =474

0fz
0g2
0hLL

) 13
0713

.LI’\T = 3, m—

N =27+

* Noticeably shifted

- Correct magic numbers!  _, .

N=17n—

— 0i,1g,2d, 3s~._

------------------------------------ [126]
— 0i4 [14
2pt — [2]
2p3 4]
. 1f% 6]
_ 1f% 8
0h, 1, 2P opg [10)
----------------------------------- - [82]
Ohil—[12
251 2]
/ 1d3 4
lds 6]
T 00 2T — gz — 8
--------------------------------- -~ [50]
093 [10]
1pi 2]
0f% 6]
4 1p3 ,
— 0f, 1p —==~ 1p3 4]
R 28]
— 0f% [8]
------------------------------------ 120]
0d3 4
— 0d, 1s 1si 2
0ds 6
................................. 8]
. Op% 2
P — Op3 [
------------------------------------ 2]
Os Os4 2]




208Pp for example
» Empirical potential & sp energies

Hy al, |?®Pb,., ) = [ea + E(*%®Pb, )] af, |*®Pb,. )

A+1
En

- A+l: "sp energies” — B directly from experiment

- A-1:
Hy aq [*°®Pb, ) = [E(*®Pb, ;) — ca] aa [**Pb, ;)

- also directly from B — pal

- Shell filling for nuclei near stability follows empirical potential



Comparison with experiment
* Now how to explain this potential ...

0. -

— dﬁ -

— 912 -

f— 2 —

E S% === E

L P15 . -

2. )z 7

A~ F R i3 Re——
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> 7 — E
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> LE 3 —Z
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= 6. U Experiment . .
&2 - - U' U Experiment =]
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o1} - gl —
- 2 i —

5 - 43 P — 7
S sE . 13 U
£ F e —
m f " e 3
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Nucleon-nucleon interaction

» Shell structure in nuclei and lots more to be explained on the
basis of how nucleons interact with each other in free space

- QCD

* Lattice calculations

- Effective field theory

» Exchange of lowest bosonic states

* Phenomenology

» Realistic NN interactions: describe NN scattering data up to
pion production threshold plus deuteron properties

- Note: extra enerqy scale from confinement of nucleons



Nuclear Matter

- Nuclear masses near stability 1w,z = 222 x4 2m, -
* Data o —
» Each A most stable | |

N,Z pair

oo
()
; , ;

- Where fission?

B/A (MeV)

- Where fusion?




Nuclear Matter

- Smooth curve

1 N —2)? 3 Z%?
B = bvolA — bsurfA2/3 — §bsym( ) -

A 5 R,
* volume buor = 15.56 MeV
- surface bsurr = 17.23 MeV
* symmetry bsym = 46.57 MeV
+ Coulomb R, = 1.24AY3 fm

Great interest in limit: N=Z: no Coulomb: A =0

Two most important numbers in Nuclear Physics

B
1 ~ 16 MeV po ~ 0.16 fm”




Saturation problem of nuclear matter
Given Vnn = explain correct minimum of E/A in nuclear matter as

a function of density inside empirical box

S
HJo7%
. ><_  Blo66% S
~ 10 I 6.1% >~_ oRSC65% .~
% AV14 \\\%OPEr/ 5.8%
s | i° O
<C - O
< s B 5%
o)) |
E) _ Par " oA
M i % *B
- AV14
=20 r o Sch
o UNG 44% -
D5 b
1 12 14 16 1.8 2 22
kg (fm_l)

Describe the infinite system of neutrons

= properties of neutron stars



Isospin
- Shell closures for N and Z the samel!
+ Also M, c® ~myc’ 939.56 MeV vs. 938.27 MeV

» So strong interaction Hamiltonian (QCD) invariant for p & n

» But weak and electromagnetic interactions are not

» Strong interaction dominates = consequences

T
* Notation (for now) pf; adds proton

Mg

adds neutron

- Anticommutation relations ;
{nOé7 nﬁ} — 50‘75



Isospin
+ Z proton & N neutron state

layas...az; B102...0N) = lepo..pLanlnng...n%N 0)

+ Exchange all pwithn T+ = ZPL”’O‘

(@87
- and vice versa T~ = Z n! Do
(@8
* EXP@C"' [H57 Ti] —(
der 7 Lopgp ey 1 Pt fo o
- Consider 13 = §[T T ] = 5 Z(pananﬁpﬁ — nﬁpgpana)
af
LS~ i LS~ (0
— 5 (papﬁéa 6 — nlgna5a,ﬁ) — 5 Z(papoz — NNy
af o

» will also commute with Hg



Isospin
* Check [Tg, Ti] = ::Ti

+ Then operators 7} =1 (T+ + T—)
1

2

&

T, =4+ <T+ - T—)
13
obey the same algebraas J,, J,, J,
so spectrum identical and f[g, T2, Tg simultaneously diagonal |

proton \"“ms>p = |[rmsmy =13)

neutron |rmg) = |[rmsm; = —1)
For this doublet T? |rmym;) =1(1 + 1) |rmsm;)
and T5 [rmsmy) = my [rmsme)

States with total isospin constructed as for angular momentum



Closed-shells and angular momentum
+ Atoms: consider one closed shell (argument the same for more)

)

inlmy = mg =L nbmy = bmgs = —1,..nbmy = —mgs =1 nbmy = —lmg = —

N[

- Expect?
+ Example: He

(1s)?) = —

7 Uls T1s ) —|1s L 1s T)}

(1s)°; L = 0S = 0)

- Consider nuclear closed shell

Do) = [n(lL)jm; = j,n(l3)jm; =7 —1,...,n({l5)m; = —j)



Angular momentum and second quantization
» z-component of total angular momentum

jz = Z Z <n€]m‘ ]Z ‘nlglj/m/> ajlejman/g/j/m/

nljmn’l’' 3'm/’

_ T .
— E hm Qg jm Ontim

néijm

- Action on single closed shell

JoIntjzm = —j,—j+1,...5) = > hmal,. angmnliim=—j—j+1,..,=j)
J

_ { Z'hm} nljm = —j,—j+1,..,5)

m=—J

- Also j:l: ‘ngjam — _ja _] + 17 7]> =0
- So total angular momentum J = 0

* Closed shell atoms L=0
S =0



Two-particle states and interactions
» Pauli principle has important effect on possible states
* Free particles = plane waves

2
T p

- Eigenstates of ~ om notation (isospin)

+ Use box normalization (should be familiar)

* Nucleons ps=4mst=14my) = [pmemy)
- Electrons, 3He atoms p s =3 ms) = |pmy)
- Bosons with zero spin (*He atoms) p)

- Use successive basis transformations for two-nucleon states to
survey angular momentum restrictions

- Total spin & isospin; CM and relative momentum; orbital angular
momentum relative motion; total angular momentum



Antisymmetric two-nucleon states

« Start with
1

|p1m81mt1;p2m82mt2> — ﬁ {‘plmslmt1> |p2m82mt2> T |p2m82mt2> ‘plmslmt1>}

1
— ﬁ Z Z {(% Ms, 5 M, ‘S MS) (% My, 5 My |T MT) |p1 p2 S Mg T MT)
SMgs T Mt

— (4 mg, § my, |S Mg) (4 my, & my, |T Mr) |p2 p1 S Mg T Mr)}

P = p+
* then b pe
p = 1(p1—p2)
and use |p) = ) [pLMyp) (LMy[p) = ) | [pLML) Yy, (P)
LML LML
—p) = Z [pLMLp) (LML|=p) = Z [pLML) (=1)"Y] (D)
LML LML

- aswellas (1 ms,



Antisymmetry constraints for two nucleons

- Summarize

|D11Ms, My, PaMis, My, ) =
1 ” N
7 > (4 may 5 Mg, |S Mg) (3 me, 3 my, [T Mp) Yy, (D)

SMgTMp LMy,

x [1— (=)t P p LMSMs TMr)

1 . .
— ﬁ Z (3 My, 3 Mgy |S Mg) (4 my, L my, |T M7) Y7, (D)

SMgTMpLMy JMj

x (L My, S Mg |J My)[1— (=) | P p (LS)JM; TMr)

L+S5+T mustbe odd

- Notation T=0 T=1
581 =3 Dy 1So
LPy 3P,
3D P,
3p, —3 I,



Two electrons and two spinless bosons
* Remove isospin

|p1m81 3 p2m32> —

1 * 5
5 2o (1 y My 1S M) iy, (P)

SMgLMy,

x [1+(=1)""°]|P p LM, SMg )

- L+5 evenl

- Two spinless bosons
p1;p2) =
1
7 > Yiu,®) [L+ (=) [P p LMy )

L

L  evenl



Nuclei
+ Different shells only Clebsch-Gordan constraint

+ Uncoupled states in the same shell @, jm/) = al, al . |®)

Jm Jm

¢ COUpllng |Pjim) = Z (jmjm'|J M) D jim,jm ) :Z (jm' jml|J M) D jm)

mm/’ mm/’

= S EUE G g 1T M) (<) [ )

mm/’

= (=17 Y (Gmjm |JM)|®jm jm)

mm/’

= (=17 [®j5.70)
* Only even total angular momentum
- With isospin [®jjmrm,) = Y (Gmgm |JM) (s me s mi [T Mr)|®jmm, jom:)

mm/’ my mt

- ( 1)J+T+1|(I)93JMTMT>

- J+T odd!



40Ca + two nucleons

- +
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N -~ -
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1] )
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[l =~
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Two-body interactions and matrix elements

. ' ~ 1
To determine y, _ : Z (aB|V|y0)al.alasa,
aBvd

- we need a basis and calculate (a3|V|vd) for given interaction

- Simplest type: spin-independent & local (also for spinless bosons)
(T1T2’V”I‘3’I‘4) — (R’I"‘V‘R/’I"/)
= (R—R){r|VI]r)=56(R—- R)o(r —r")V(r)
- with R = > (7“1 + ’I“Q)
r = T1—7T9

- Therefore

> 1 3 3 i T
V = 5 Z//d R /d r V(r)aR+r/2maR_r/2m,aR—r/zm/aR+r/2m



Nucleon-nucleon interaction
- Yukawa 1935

* short-range interaction requires exchange of massive particle
e H"

ur
- mass of particle phe = mc’

Vy (7“) — Vo

* mesons are the bosonic excitations of the QCD vacuum
* many quantum numbers

» S0 one encounters also spin and isospin dependence

Vspifn, — VO‘ (T)Ul 02
‘/fisospin — VT (T)Tl .

Vi = Vor(r)oy - oo - T

T2



Spin and isospin matrix elements

* Pauli spin matrices o102

- represent 4
ﬁsl * SS9
* Use S =81+ 82
1
* Then 31°32:§(S2_3%_3§)

- So coupled states are required

<S/Mé‘ O1°029 ‘SMS> — (QS (S + 1) — 3) 5S,S’5MS,M§
- Same for isospin

<T’Mr}‘ T1 - T2 ‘TMT> — (2T (T + 1) — 3) 5T,T’5MT,M%



Realistic NN interaction
* Required for NN scattering

1 T1 - T2 O1°-09 O1°-092 T1°T9
512 5127'1'7'2 LS L'STl"TQ
L2 L2 T1 - T9 L2 109 L2 O1°-092 T1 " T9

(L‘S)2 (L'S)2 T -T2

- plus radial dependence

- Tensor force Si12(7) =3 (o1 -7) (02 - 7) — 071 - O

- Short-range interaction suggests use of angular momentum basis
» Angular momentum algebra

- Spherical tensor algebra

» Often calculations are done in momentum space



Momentum space
- Transform to total and relative momentum basis

(P1p2|V|p3ps) = (Pp|V|P'p’) = op,p (P|V ')
* or wave vectors

(k| V k") = %/d:gr exp{i(k' — k) -r}V(r)

- Use

exp {ig-r} =4 Y 'Y, (#)Yem(@)ie(qr)

- to find fm

4
(k|V k") = VW /dfr 2 ,(qgr)V(r) with ¢= |k — K
* Yukawa 47V 1

k|l Vy |k =

- Helps for Coulomb (g, 1/, () — 4V7T ( Q1Q262)2 when k # K’
k' — k




Partial wave basis

* Requires matrix elements of the form
(kLM |V |K'L'M}) = / dke (LM |ke) / die (| LML) (k| V(r) |k

- For Yukawa write i Vo 1 |

;2112 1 /2
V v Qkk K —;]Zk—l_k —Cosekk/

<u2 + k2 + k2

(k| Vy (r) k) =

- and use |

02 +k2+ k2
2kk’

© ¢ 2 | 1.2 4 1.2 X X
=3 3 @ () v v )

:Z(%Jrl) Qe

—cosbrr 10

2kE

) Py(cos Oxpr)

» with Legendre functions Qo) =
Qi(z) =

Qx(2) = 24 In

- yields (47)2V, %+ k2 + K
KLMp|V [K'L'M}) = 6110 Sary o
WLML| V] L) = 0L 0N o QL( 2Kk’ )




Example
 Reid soft-core interaction (1968)

100

il
|
. solid 1Sg \\\
|
- no bound state - |
S
O
S
- dashed 35 = 0
>
- deuteron
- ??
note similarity to ~100

atom-atom interaction



Phase
shifts
1968... =

Dynamic %
Static
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I 1
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Infinite systems & plane-wave states
+ Suppress for now discrete quantum numbers (for fermions)

- Momentum eigenstates of kinetic energy

2 /2
Pop , . D /
2m!p>——2m\p>
1 ;

- Associated wave function  (r|p) = E h)g/Zeﬁp-’r‘
(s

1 i /
» Normalization condition (p'|p) = 2] /dr en (P=P)T — §(p’ — p)

- Often used: wave vectors k = %

- Wave function <r]k> — (2 1)3/2 ez’k.r
T
/

- and (K'|k) = 0(k" — k)




Box normalization

» Confinement to cubic box V=15
. _ _J;_ tk-r
Wave function (r|k) = e
» Boundary conditions: only discrete  (k'|k) = 6i i

1 o
- Means (K'|k) = /d"“ (K'|r)(r|k) = % /d"“ e R T — Spr k
b

ox box

» For example: periodic bc

+ x-direction etha® = gtha(otl) — pikow ikl
* therefore cos(k, L) + isin(k, L) =1
2
- Hence ky = nx% where ny = 0,41, 42, .

- Also fory and z
+ Each allowed triplet {kz,ky,k.} corresponds to {7z, ny, 1z}
* Ground state: fill the lowest-energy states up to a maximum

- Fermi momentum; wave vector pr = hkp



Thermodynamic limit

» Determine Fermi wave vector by calculating the expectation
value of the number operator in the ground state

Do) = [ af,l0)

|k|<kF7:U'
- with 1t representing discrete quantum numbers (spin, isospin)

* Thermodynamic limit N — o

V —- o0
N
+ with fixed density P=7

+ Replace summations by integrations for any function Jf

Stk = 3 ST
kp

NgNyN, W

L — oo i/anf(szn,,u)z (2‘;)3 /def(k,,u)




Properties of Fermi gas ground state

Remember N = (9| N|[®o) =) (Po|a},an.|Po) = > 0(kr — k)
ku ku
V vV
= &Ik Okp — k) = —k3
(27)3 z/;/ (kr ) 6r2 &
6r2NY S . .
degeneracy v so kr ={ " fixed p: kr smaller if v larger
. h2k2 L h2k/2
Energy from 7= 3" (kul © - k') af s = > =" —al
ku k' p k'
. . N h2k3/2 ; ;
Y|e|d|n9 T ’(I)O> — Z m aklula/k’uf H CLk,u ’0>
k'’ |k|<krp
. h2k>
T|®o) = Eo|®o) = [ > 5 | [ 2o)
k| <kp,u
eV L h2k2
C(nd Ther'efor'e Ey = k; , o (27)3 %:/d k om O(kp — k)
B v h? 1 5
= V(27‘(‘>3 47T % gk‘F
, E, V v hk%.  3Rr%k2 3 3
written as N TN 227 10m 5 om — 55wl



Nuclear matter
- Key quantities

- Saturation density: 0.16 nucleons per fm®= kp = 1.33 fm™* v =4

interparticle spacing 0 ~ 1.14 fm

- Energy per particle at saturation: ~-16 MeV

- Relation between Vnn (including possible Vann) and these
quantities still debated

* Bethe contributed ~10 years of his scientific life to this problem

* No global consensus on precise mechanism of saturation
- role of pions
- role of three-body interaction
- role of relativity if any

- many phenomenological ways to represent saturation properties



Neutron matter

« Interior of neutron star

<X X OUTER CRUST X X x>
SN 6 SORRIKETT

STTHKRKL
TR

2x10"*g/em’
X1V giem LIQUID INTERIOR

n+ e+ p+
3P, neutron superfluid
1S proton superfluid

5)(1014g/cm3

>

Jvavee. TS
I ITTIOIIIFIL LR
'&,3233@::,03030‘000‘0‘0‘0‘0‘0‘0‘"‘&3“

>y ~16 km
X ‘:&:{:" 16 k



What is a propagator or Green's function?
- Time evolution governed by Hamiltonian

- Single particle with a Hamiltonian that doesn't depend on time
- At o initial state  |a,tp)

- At t > t; evolves to o, to;t) = e HHE) | 10)
[ J a
Indeed ih |oto;t) = H |o tos t)

- Relation between wave functionat ¢ and ?o
Y(r,t) = (rlatost) = (rle” #HE10) o 1)
B /dr’ (| e FHE0) 121 (1, 1)

z’h/dr’ Glr, /st — o) (r, 1)
- with propagator or Green's function Huygens

G(r,r’;t - to) — —% (r\ e—%H(t—f@) ]r’)



Alternative expressions
Rewrite propagator assuming a discrete spectrum with o |n) =, )

G(r,r';t —tg) = _% (r] o~ 7 H(t—to) ) = _%
(

= ==Y (0]ay|n) (n|a), [0) e men (=t

(0] ape~ #HE=)gT 0)

B g

(r[n) = un(r) and Hn) =enln)

* Note <O| 078 ‘TL>

Propagator yields information on wave functions and
eigenvalues of H

* Use integral representation of step function

dE' e—iE’(t—to)/h . d
) = ith  —0@¢t—t))=6(t—1
(9<t to) /27_‘_7: B+ in W dt ( 0) ( O)

» includes causality to facilitate Fourier transform (FT)




FT

Consider alternatives of FT

G(r,v;E) = —%/ d(t — to) e%E(t—tO){H(t—to)Zun

—

U (7)) (1 0| ar ) (n|al, |0
Ly ) _ g Ola ) ol 0

~ E —e, 4+ ~ E —e, 4+
1 1
— (0|a, T 10) =
<|aE—H+znT|> <T|E—H—|—in

Clearly other basis sets can be used

1

Gla, B3 E) = <0\aaE_H+m

aly |0)

Relevant operator G(E) =

facilitates expansion

(r)us (r)e Rent=to) )

)



Expansion of propagator
- Relation between exact propagator and approximate one
- Decompose Hamiltonian H = Hy+V

+ With GO(E) = - ; i
— 440

- solved according to  Hy|a) = e, |)
* In this basis e s

- Use operator identity

- with A=F—Hy+1in and B =



Propagator equation and expansion
- Result G = GO _Lq0yva

. or 1 B 1
ME_H+mwwwwE_%+mw>

1
2 (e ol 5= M 1V 19) 0] = 18)

- and therefore
Gla, 3; E) = G, 5, B) + Y G\ (a,v; E) (7| V [8) G(5, B; E)

Y,0
- allows expansion ¢ = GO +GOY VGO g0 v cOyvaO4
Gla,:E) = G +ZG<0> a,7; E) (7| V 16) GO(6, 5; E)

+ Y GNa, v E) (4| V10) GO0,m; E) (| V |6) G5, 8; E) +

v,9,0,m



Diagrammatic interpretation

i i )
+ Practical choice G© . E) = @B

+ In k™ order

Rule 1 Draw a directed line with k zigzag (horizontal) interaction lines V'

k& and k + 1 directed unperturbed propagators G(?)
A
Rule 2 Label external points (a and 3)
N V\e Label each V
A
Y
Ve N (4| V |5)
A 0
{ \VAVAV_ ) For each full line with arrow write
A ol
.
4 B GO (p,v; E)
6 ®

Rule 3 Sum (integrate) over all internal quantum numbers



Examples

- Lowest order

* First order y

G (a, B; E)

- All diagrams summed by

[ ] ®
G A — G(O)A
o ®




Rearrange series expansion

+ Often useful (in operator form)

G = GO+ vaE9 g0y Oy agOy.
= GO+ VG +gO VGO 4+ 1 =G0+ V@
= G4+ {GY+cO VY 4+ . 3V GO=G9+cVvc?¥
= G9 +d Vv OV L. 1G9 =9 +cO 7 a0

- with

7 = V+vGOVv4+v O vaeOyv4 ..
= V+VGO{Iv4+vc9v+.}
= V+VGOT=V4+TGYV=V4+V GV

» Tllustrated by y
- T-matrix equation 7 asmse — enne - Eii (take matrix elements)

T



Solution strategy for discrete (bound) states
- Also useful in the many-body problem

+ Exact discrete eigenstates H |m) = ¢, |m)

- Exact continuum states H|p) =ep|p)
» Completeness - Z m) (ml /du 0
* Rewrite G(a, 3; F) :T()| Qo g I; n ma% 0)
G5y LS [, Lo

- Assume Ho =T and work with momentum states {|a)} = {|p)}



Limits
{a|m){m|B) {a|p) (1] B)
;E—em%—inJr/d’u E—e¢,+in

* Remember G(a, B, E) =

lim (E —£,){G =G + GO vV G}

* Then perform
* Three terms

- lim (E—gn){z <EQLTT;>”§T€:7 + } = (a|n)(n|B)

E—e, —
= (pln){n|p)
1 o(p—1p
- lim (F —e,) (] — |6) = lim (E —¢,) (p 5 P) =0
E—en, E—-T+1in E—en E— 72— +in

i lim (E—2,) x 3 (ol E_;H.n 9) (| V' [8) {Z g@imﬁ; +}

E—e,
274

= 3 el e ) 1V 18) Sl ()

1
= [dp"——— (p| V' |p") (p"|n) (nlp)

En — 5~




Rearrange
» Collect

pln) = —— [ d" BV ") (0 )

En
2

cor Foue)+ [ dp" BIV 1B 6u(6") = catu(p)

- with  (p|n) = ¢,(P) momentum space wave function

- Schradinger equation in momentum spacel
1
- In general basis {(@[n) = > (q 7 ) 01V 18) (@Bln)

8 _
V6 "

sor > (Bl (en — Ho) |a) (aln) = 3~ (8] V'|8) (3|n)

o 0

- and therefore ¢&n(8|n) = Z{ (8] Ho ey + (8] V' |a) } {|m)




Scattering theory with propagators

+ Also useful for description of scattering processes

- Use both forms ¢ = GO +qgO v g
_ G0 4 g0 7 GO

- Spinless particle, wave vectors,and Ho =T
1

GOk K E)=6k—k
(k, K3 ) ( )E—h2k2/2m—|—in

* Insert G(k,k';E) = GOV (k,k';E) +G(0)(k;E)/dq (k|V]g) G(q.k'; E)

= GOk K E) + GO (ki B) (KT (B)K) GO (K': E)

- hotation

GOk, k' E) = 6k — KGO (k:; E)



But...

» Analysis for short-range potential in coordinate space...

- SoFT r o
oF Glr v E) — / ( dk / ( T N

om)3/2 | (2m)3/2
dk k' .
. (0) /. _ ik-r ~(0) /. —ik’-r
and GO(@r,r E) = /(%)3/2 /(%)3/2@ GO (k,Kk'; E)e
- / <zék>—s e* =GO (k; B)
7T
- yielding

G(r,r;E) = GO(r ' E) +/d'r1 /d'rg GO (r. ri: E) (r1|V|rs) G(ra,7'; E)

= GO(r, 7 E)+ /drl /d'rg GO (r,r1; E) (r1|T (E)|rs) GO (ry, v, E)
» Could have been done directly too

- Asymptotic analysis



Ingredients
h2k2
2m
Perform angular integrals, extend integration to —oo (even

integrand), introduce ko, and factorize denominator

Define E =

2m 1 1 oC eik|"°_"°/| _ e—ik|r—'r’|
GO(r,r B) = / dk k
2m _1 ’I:k?()|7‘—7‘/|

TR 47T|’I"—’I°/|€

last equality: contour integration

Need e.g. limit for ' >

r>2 2r - r’ N

Expand kolr —r'| = kor'\/l + (— = = kor’ — kot -7

,r./
In that limit
GO (r,r';E) —

T
. /
m ezkor

Corh2 o

—tkor’ 7

€



Separability
» Insert for both ' > r and 7' > r: in equation with 7 , and
assume finite range of potential (doesn't work for Coulomb)

ik()?“,

/ wko (’l")

m e€

* then propagator is separable G(r,v'; E) = 5
I r

* with (second equality)
Vo (1) = e ~ikor! T /dﬁ /dT2 GO (r,r1; E) (r1|V|ra) thy, (r2)
= e /drl /dr2 GO (r,r1; E) (r1|T (B)|ry) e~ For"

» Insert again (standard integral equation = first equality)

- Identify positive z-direction k = — ko’

+ Use separable form in second equality to identify coefficient
multiplying spherical wave as scattering amplitude

2
Fuo (0, 6) :_472“7T (K'|T(E)|k) cross section d—a = | fro (6, 9)°




Short-range and spherical potential
* Angular momentum basis |k) = |klmy) (tmelk) =) |klmg) Yy, (k)

. . ‘im Im
- Noninteracting propagator ‘ ‘
GO (ktme, K'0'my: E) = Ok —K)s, 5 !
£ 128 I2 2,0/ Omyp,my E_ h2k2/2m n ZT]
o(k — K
— ( 1.2 )5g,g/(5m£,m£,G(O) (k, E)

- Equations for propagator become (assuming spherical symmetry)

ok — K o
Gl k'3 8) = B GO (05 B + GO B [ dag RV )Gl 5 )
0

- For 7 -matrix

(K| THE)E) = (k[V*|E) +/002q ¢ (kIV )G (q; E) (g T (B)|K')



Asymptotic analysis in coordinate space
- Fourier-Bessel transform (FBT)
Gy(r,r'; E) /dk k2/ dk' k" j,(kr)j,(K'r"\Gy(k, k' E)

. W|Th <kfmg|7“€ mg/> — 5575/5”“&,7”2’ \/%Jg(k‘?“)
» Noninteracting propagator (show)
GO rriE) = [ dk K (ki) GO (s B
O

— —@ko 72 Je(kor<)h£(k07“>)
* Propagator equations
Ge(r,7; E) = Géo)(T,T/;E)—l—/ drlr%/ drars GEO)(r,rl;E) (ri|V¥rs) Ge(ra, 7' E)
0 0
— GEO)(T, r' ) —1—/ drlfr%/ drors Géo)(r, ri; B) (r|THE)|rs) Géo)(’]“Q,’r'/;E)
0 0
- Assume finite range potential

- Substitute noninteracting propagator in second equation



Again separable but without approximation
+ Then for 7/ > 7 and 7' >ro with (7[V]r') =0 for r and r’ > rg

Celr, ™5 E) = —iko g {Jg(kor)hg(kor / dryr2 / dror2 GO, 11; E) (| TU(E )|r2>3g(k0r2)hg(kor)}

— —zko—weko( )hg(kor”)
- where

Yoro (1) = jo(kor) + / dryr / dror2 G (r,r1; B)(r [T (E)|ra)j (kors)
0 0

+ A substitution of separable result in first propagator equation
yields integral equation

Voo (1) = jp(kor) +/ drlr%/ drgrg GEO)(T, rl;E)<r1\V£\fr2>Wko (r2)
0 0

+ Asymptotic analysis as before using properties of Bessel and
Hankel functions



Phase shift
- Asymptotic propagator

Go(r,r'; E) — (hQ) kohg(kor’ ){hj(kor) + hy(kor) [1 — 4zﬁko

< [ [Carard T Bl horithor) | |

= i kabhor”) {07 hor) + behor) |1 — 2 (50 (ol T (B) ko) |

* Term in square brackets defines phase shift

ml{?()

(ko|S“(E) ko) = [1 — 2 ( o ) (ko | T(E) kg >] (212

SO I (k| T (B)|ko)
*7 Re (ko|T*(E)|ko)

- Asymptotic propagator for ¢ =0

2m 1
koh? rr'!

Go—o(r,7"; E) — — et (ko' +80) gin (kor + &)



Scattering amplitude
- Decomposition of scattering amplitude

f0,9) = Z 211;; 1 {_ﬂ;];(ﬂ} (ko|T*(E)|ko)Pe(cos )
l

20+ 1 |
— E ]:_ €' sin §, P;(cos )
0
/

- — Differential cross section and

« Total cross section o4 = k2 Z (2¢ 4+ 1) sin 250



Pictures in Quantum Mechanics
* Quick review (see Appendix A)
Schradinger picture (usual) |Pg(t)) = |¥(t))

» Schradinger equation (SE) for many-particle state

i [Ws(0) = H Ws(0)

- given |¥s(t)) at tg

* time-independent Hamiltonian

Ws(t)) = Us(t —to) [¥s(to))

* with

Us(t — to) = exp {—%ﬁ(t - to)}

* time-evolution operator in Schrodinger picture



Heisenberg picture

* Transform time dependence to operators while making state kets
“timeless”

. Define Wy (1)) = exp {%m} W (b))

- It follows that 9 ) )

Zha Wy(t)=—H|Vy(t)+H|VYgy(t) =0
- and therefore |¥y(t)) = |¥y)

- For operators employ Og|¥g(t)) = |U(¢t))

* to obtain |U/,) = exp {%Ht} (W5 (1))
— exp {%m}és exp {_%m} exp {%Ht} W (1)) = Op(t) [Wp)

* with  Ox(t) :exp{%lﬁlt}és exp{—zflt}



Equation of motion for Heisenberg operators
- Use definition

L 0 . 0 i~ A i
zhaOH(t) = {zhaexp{ﬁflt}jOsexp{—ﬁHt}

+ exp {%f]t >OS {zh% exp {—%flt}}

/

A

— —HOu()+ Oyt H = [OH(t),H}

= exp {ﬁHt} [OS,H} exp {—%Ht}
- showing that if the Schrodinger operator commutes with

Hamiltonian, the corresponding Heisenberg operator is constant
of motion



Properties
* Note that W) =|¥s(t =0))

- and OSZOH(tZO)
- For energy eigenkets H|VU,)=E, |¥,)
+ and U, () = e "y,

_ e—iﬁt/h ’\Ijn>

* So ’\Ijn> — ’\PnH>



Sp propagator in many-body system
» Similar definition as in sp problem

- Also very useful both for discrete and continuum problems
* Fermion definition

Gl Bit, 1) = — (WY | Ta (t)al, ()] |90

- with normalized Heisenberg ground state
H V) = B [9q))

- Heisenberg picture operators a., (t) = enta,e” "

al, (t) = e%ﬁtale_%ﬁt

» and time-ordering operation is defined according to (fermions)

T(aay ()al, ()] = 0(t — )aa, (t)ah, (') = 00 = taj, (1')aa, (t)



Use definitions
- Write in detail

G(O{,ﬂ,tt/)%{e(tt/) 1EN(t t)<\IjN‘CL e hH(t t)a/2‘\1]N>

—H(t/ o t)e%EéV(t/_t) <\IJN| CL 6——H(t _t>CLa \IJN>}

e %{H(t 4 Ze%(EéV—Eﬁﬂ)(t_t/) (TN | qq |ONHLY (PN H a}} o)

m

= O 1) Y eF B0 B0 () o u Ny (g g, \Iféﬂ}

n

» introducing appropriate completeness relations with exact

eigenstates
[:] \IJN+1> _ EN—|—1 ‘\IJN+1>

H WY1 = pN-1 gV -1




Lehmann representation
* Introduce FT for practical applications

oo

Gla, B ) = / At —t') eRF01) Gla, it — 1)

— 0

» Use again integral representation of step function
UV | g [ONHY (@ N+ T g
Clof: B) — Z<o\ | N1>< ‘g.’0>
— E— (Em™ — EY) +in

N Z <‘1’6V\GJE U (O a [P0
- E— (BY —EY ™ —in

1
— <\Ij(I)Vlaa ~ .CLT ‘\IJ(Z)V>
E— (H — EY) +1n Y
1
(B3 — H) —in

+ (0| a— o))

- Any sp basis can be used

- Still "wave functions” and eigenvalues as in sp problem!!



Spectral functions

* Physics of knock-out experiments to be discussed shortly can be
interpreted nicely using spectral functions

* For the removal of particles, we have the hole spectral function

1
Sp(a; B) = - Im G(a, a; F) E<en
2

= DN aa 9| 8B — (Y ~ BY )

- with 5F—EN EN 1

* A similar addition probability density is available for adding
particles (particle spectral function)
Sp(a; B) = —— Im G(a,; F) E >}

T l

2
Z\@%% wi[ 6(E — (BN - EY))

N1 N L 51
eF_E — Ej Exir P— F ind(E)



Occupation and depletion

» Occupation humber

2
n(e) = (WY[afan |95) = (@N " an (WD)

_ /EFdE Z‘@y—l\aa\\p%féw— (Ey — B 1)

— 00 n

— / FdE Sh(()é;E)

— 00

- Depletion

d(a) ‘2

([ aqal, [95) = | (W af, [wd)
0 2

= [ B Y| ol 1w S(E - (BX - E)
€F m

= /+dE Sp(a; F)

5o

- Obvious sum rule
n(a) + d(a) = (¥y' |alaa [U) + (U | agal, |9) = (@ 0) =1



Expectation values of operators in ground state
- Consider one-body operator

(TF1O1¥g) =) (ol 018) (¥ [alas [¥E) = D (o] O[8) nag
o, o,

+ One-body density matrix element  n.5 = (V| alag |[9{)

» can be obtained from sp propagator

dE |
Nga = Y e’ G(a, 35 E)

dE gy 5 (g aq Ui th) (Ui aly |08
27 —  E—(EpT - Eg) +in

('] aE WY (U ag |05
E— (EY —EN ™Y —in
= Z (0| a} U () an [P = (9] agaa o)

n

1 [CF
*or  Nga = —/ dE Im G(a, 85 FE) = <‘1’év\a};aa U5

T

+ d—E et Z

271

— OO



Magic?!: energy sum rule

- Consider 1, = l/ dE E Im G(a,o; E) = /FdEESh(a;E)
T J _oo —00

= D (B = BT (W el [T (W ag [9)

m

A

= (Ug |afaoH 19g") = ) (g [al B~ R (U aa |25

m

AN

= (U |abaa H[95) — (¥ |al, Hao [9) = (U | al [aq, H] V)

- Earlier results yield lan, H Z (a| T'|B) ag + Z(am‘/hé)agaa%
B B

- Insert lo =) (a|T|8) (¥ alas|¥q) + ) (aBlVIy) (U |alabasar [Ug)
&) B

« Sum over « ZI \PN’T‘\IJN>—|—2<\IJN’V’\IJN>



Eqy'

Galitski-Migdal energy sum rule (Koltun)

»+ Combine with half the expectation value of the kinetic energy

(5" H ¥

L (4B S (| T18) + E bap} Im G(B,0; E)

2T ) _ o

- complete result only when there are no three- or higher-body
interactions

» sp propagator (hole part) yields energy of the ground state

- later: particle part yields elastic scattering cross section



Interaction picture
- Split Hamiltonian H = Hy + H,

- with Hy p _ ding time evolution)
+ Define | |¥;(t)) = exp {%ﬁot} Ws(t))

- as the interaction picture state ket

» Corresponding equation of motion
) . (i~ 1., 0
[Zha ’\Ijl(t» _HO ‘\IJI(t» + exp < iHot >2h§ |\If5(t)>

—Hy [T (t)) + exp 4 — Hot ¢ (ﬁo + ﬁl) T (t))

(1) [0 (1))

* where ﬁl(t) :eXp{%ﬁOt ﬁl exp{—%ﬁot}

* In general Hy and H; do not commutel



Operators in the interaction picture
- Consider in Schrodinger picture
Os |Ws(t)) = [Vs(t))

* Go to interaction picture

W) = exp Ligt b wy(0) = exp {ﬁﬂot}os s ()

/

—  exp+ %ﬁot L Og exp {—%ﬁot} exp {%ﬁot} Ws(t))

\ /

= Or(t)[¥1(1))

- wit - — - —
O;(t) = exp {ﬁHot}Os exp {ﬁﬂgt}]

- is the corresponding operator in the interaction picture




+ Example

ion of motion in the
o .
ih—0;(t) {iha

2t
e {

1 A
—Hot
5 110

exp 1

interaction picture

\%ﬁot}} O exp {—%ﬁot}

9,

/

>OS {zh— exp

i)

ot

—I:InOAr(ﬂ + OAI(t)I:IO

\

{OAI (1), Ffo}

- in its own basis ﬁo = ZEAC&GJA
A

- SO

.0
zhaah(t)

[% (1), ﬁo}

6>\a>\1(t>

exp {%ﬁot} {aA, PAIO} exp {—%ﬁot}

- and Ther-efor-e(a)\l (t) — e—isxt/haA and ai\] (t) — ei&:)\t/ha; )




Components of Hamiltonian

. Immediately V7 (#) :% S @BV Iys) al, (H)al, (Has, (H)a, (1
aBvo

- and Ur(t) =) (alU|B)al,, (t)ag, ()

af

» These operators have simple time dependence

» Critical operator: time-evolution in interaction picture



Interaction picture time-evolution operator

A

* Define Wr(t)) =U(t, to) | Pr(tg))
* Note subscript "I" suppressed on evolution operator

A

* Obviously U(tg,t9) =1
- Explicit construction

- \

(

Us(t)) = expqHot o |Us(t))
= exp ! %ﬁot > EX] < —%ﬁ(t—to) [ Ws(to))
(’l: R N 4 Z R h 7/ .
= exp —Hgt > EXP < ——H(t—t()) >eXp{_ﬁHOtO} |\Ij1(t0)>

- and therefore

Z/A{(t, If()) — €XP {%ﬁot} eXp {—%ﬁ(t — to)} exXp {—%ﬁoto}



Some properties of evolution operator
+ Using previous result z)ﬂ(t,to)z){(t tO) = U(t, to)U (t, to) =1

+ Therefore unitary UT(t,to) =UL(t, to)
 Note a(t1,t2)u(t2,t3) = U(t1,t3)
- and U(t, to)U(to,t) =1

* therefore U(to,t) =UT(t,to)

* For future applications combine SE in interaction picture with
definition of evolution operator

i1 (0)) = H (1) (1)) S0 i Ut o) = (A (h o)

* use boundary condition to integrate

.t
Ut to) =1 — %/dt’ H (U to)
t

0



Iterate
- Use

.ot
Ut tg) =1 — %/dt’ H (U to)
to

* to generate expansion

. t . t/
U(t, o) |- %/dt’ . (t) {1 - %/ dt" ﬁl(t”)z/?(t”,to)}

to to

9 t ~
— 1+ (—Z) /dt’ o (t)
ho) Ji,
. 2t t’ A A
+(7> /dt’/ dt" Hi(t"YH{(t") + ...
to to

&) —’L n t t1 tn—l “ N N
Z (E) /dt1/ dtz.../ dt, Hq(t1)H;(t2)...Hq(ty,)
n—0 to to to



Example: second order

%) /dt / dt" Hy (t)H, (")
to to
X X t t X R )
< ) </dt’/ dt” Hl(t’)Hl(t”)+/dt”/dt’ Hq(t")Hq(t")
(—1) </dt/dt// H1 H1 // /dt /dt” H1 " H1 >
h’ to to to
2
( ) {/dt’/dt” Ot —t")VH () H, (") +0(t" —t')Hy (1 ”)Hl(t’)]}
to 'L‘o B

1
2
1/ i\ [t s
=2 (‘ﬁ) /dt’/dt” T Hl(t’)Hl(t”)}
to to -

- infroducing time-ordering [

®|~
™~
o
/\
~.

Ve

fo —,

- Extend to all orders ’ ’

OO L t R R )
e Z/A{(t,to) 2 ( Z) n' /todtl /todtg /todtn T {Hl(tl)Hl(tQ)...Hl(tn)
» important for future applications



Links with interaction picture
- Use Schrodinger picture

Ou(t) = exp <:%ﬁt:>égexp{—%ﬁt}
=  exp <\%ﬁt:> exp {—%ﬁot}éj(t) exp {%ﬁot} exp {—%ﬁt}
= U(0,t)0;(H)U(t,0) =

* Note that Uy) = |Ps(t=0)) =|¥;(t =0))

+ and Os = Op(t=0) = O;(t =0)

- For energy eigenkets |0, (t)) = e Ent/M|p)

_ e—iﬁt/h ’\Ijn>
* SO W) = [Why)
« Also [Ug) =|T(0)) =U(0,t0) | T (ty)) —=a—



Noninteracting propagator
+ Propagator for H, involves interaction picture
1
GO, Bt —t') = —7 ()| T laa, (t)al, ()] 12
- with corresponding ground state
Ho |2)) = Eyy [))
a< F

» as for IPM so closed-shell atom or nucleus for example
—ieqt/h

I:I()t i'I:I()t —

- Operators  a,,(t) = enolq e n e Aq

t _ _iHot t _—LiHot _ _ieqt/h 1
al, (t) =ern%qle” n70" =¢ at/hgl

- assuming H, is diagonal in this basis



Evaluate noninteracting sp propagator

« Insert

GO (a, Bt —t') = GV (a, Bst — ') + GV (a, Bt — t')
= —%5a5{0(t —1)0(e — F)e 7%= _ gt — 1)§(F — a)ens=t'=}

- propagation of a particle or a hole on top of noninteracting
ground state

Pdirectlys 1y af, |0) = (Egy +2a) af, |20) a>F
Hy aq |0 ) = (Egy — £a) aa |®]) a<F

© FT

E—e,+1np E—c,—1m

G(O>(a,ﬁ;E)5a,5{ hla—F)  O(F —a) }



Noninteracting spectral functions

» Imaginary parts yield all the strength at one location
1

Séo)(a; E) = “Im G9(a,a;E) FE < 5%0)_
T
= J(E —¢e,) O0(F — )
(0) (.. ! ) (1 (0)*+
Sy (a; B) = ——=Im G"(a,o; E) E > ey

s

= J(F —¢e4) 0(a—F)
- in this basis: either completely full or empty

(0)™
n9 (o) = / dE 6(FE —¢e4) 0(F —a) = 0(F — «)

- 1

E_(ﬁo—Ecpév)ﬂLi??

1
+ <(I)(J)V| al’m’s > .
E— (Egy — Ho) —in

B (rms|a)(a|r'mi)0(a — F) = (rmg|a)(a|r'm)0(F — o)
Z{ E — e, +in i E —¢e,—1in }

- other basis ¢© (rm,,r'm’; E) = (@Y apm. al . 120

Arm, |(I)év>

o



