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Markov Chains
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Markov Chain Formalism

• A finite Markov Chain is a tuple (S, P, R, 𝛄) where:
• S is a finite set of states

• P is the transition matrix

• R is the reward function

• 𝛄 is the discount factor

S = {s1, s2, . . . , sn}
<latexit sha1_base64="k7AI0ieKmaoIsdDgnUCwtgfTEgk=">AAACB3icbVDLSsNAFJ3UV62vqEtBBovgopSkFnQjFNy4rGgf0IQwmUzaoZNJmJkIJXTnxl9x40IRt/6CO//GSZuFth64cOace5l7j58wKpVlfRulldW19Y3yZmVre2d3z9w/6Mo4FZh0cMxi0feRJIxy0lFUMdJPBEGRz0jPH1/nfu+BCEljfq8mCXEjNOQ0pBgpLXnmceUOXkEnk55dg9Jr1KDDgljJ/MGdqWdWrbo1A1wmdkGqoEDbM7+cIMZpRLjCDEk5sK1EuRkSimJGphUnlSRBeIyGZKApRxGRbja7YwpPtRLAMBa6uIIz9fdEhiIpJ5GvOyOkRnLRy8X/vEGqwks3ozxJFeF4/lGYMqhimIcCAyoIVmyiCcKC6l0hHiGBsNLRVXQI9uLJy6TbqNvndfu2WW01izjK4AicgDNggwvQAjegDToAg0fwDF7Bm/FkvBjvxse8tWQUM4fgD4zPH0eSlwM=</latexit>
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<latexit sha1_base64="kKDpK/jc09fbi8m1QeH1Ie3Ax4o="></latexit>

R : S 7! R
<latexit sha1_base64="sC89bNcf2k3EYQNph8Qoz8xlcTA=">AAACAnicbVDLSsNAFL3xWesr6krcDBbBVUm0oLgquHFZq31AG8pkOmmHTiZhZiKUUNz4K25cKOLWr3Dn3zhps9DWA8MczrmXe+/xY86Udpxva2l5ZXVtvbBR3Nza3tm19/abKkokoQ0S8Ui2fawoZ4I2NNOctmNJcehz2vJH15nfeqBSsUjc63FMvRAPBAsYwdpIPfuwWL9Cd6gb4ljpKPv10PfT+qTYs0tO2ZkCLRI3JyXIUevZX91+RJKQCk04VqrjOrH2Uiw1I5xOit1E0RiTER7QjqECh1R56fSECToxSh8FkTRPaDRVf3ekOFRqHPqmMltRzXuZ+J/XSXRw6aVMxImmgswGBQlH5tgsD9RnkhLNx4ZgIpnZFZEhlphok1oWgjt/8iJpnpXd87J7WylVK3kcBTiCYzgFFy6gCjdQgwYQeIRneIU368l6sd6tj1npkpX3HMAfWJ8/Hl+V8Q==</latexit>

� 2 [0, 1)
<latexit sha1_base64="I1na2Q0fY1oqgJxiw6Us6qO5ZLw=">AAAB+3icbVBNSwMxEJ2tX3X9WuvRS7AIClJ2taDHghePFewHbEvJptk2NMkuSVYspX/FiwdFvPpHvPlvTNs9aOuDgcd7M8zMi1LOtPH9b6ewtr6xuVXcdnd29/YPvMNSUyeZIrRBEp6odoQ15UzShmGG03aqKBYRp61odDvzW49UaZbIBzNOaVfggWQxI9hYqeeV3M4AC4FRh0kU+hcoOO95Zb/iz4FWSZCTMuSo97yvTj8hmaDSEI61DgM/Nd0JVoYRTqduJ9M0xWSEBzS0VGJBdXcyv32KTq3SR3GibEmD5urviQkWWo9FZDsFNkO97M3E/7wwM/FNd8JkmhkqyWJRnHFkEjQLAvWZosTwsSWYKGZvRWSIFSbGxuXaEILll1dJ87ISXFWC+2q5Vs3jKMIxnMAZBHANNbiDOjSAwBM8wyu8OVPnxXl3PhatBSefOYI/cD5/APFCkmE=</latexit>



Value Iteration

• Can we solve these equations a different way?

• One idea: use iterative approach
• V0(si): expected discounted sum of rewards from si after 0 steps
• V1(si): expected discounted sum of rewards from si after 1 step
• V2(si): expected discounted sum of rewards from si after 2 steps
• …

• Algorithm: compute V0(si), V1(si), V2(si), … for all si
• Stop when:

• Claim: this converges to V*(si) as k –> ∞

max
si

|V k+1(si)� V k(si)| < ✏
<latexit sha1_base64="zchXhmFyeLjUu88uLYOxbqWdygk=">AAACHHicbVDLSgMxFM3UV62vqks3wSJUxDJjC7pwUXDjsoJ9QKcOmTTThiaZIcmIZdoPceOvuHGhiBsXgn9jpu1CWy8EzuNebu7xI0aVtu1vK7O0vLK6ll3PbWxube/kd/caKowlJnUcslC2fKQIo4LUNdWMtCJJEPcZafqDq9Rv3hOpaChu9TAiHY56ggYUI20kL1/OuRw9eIny6BiOGnfJ4MQZFw07hqcwpVMygpfQJZGiLBQ5L1+wS/ak4CJwZqAAZlXz8p9uN8QxJ0JjhpRqO3akOwmSmmJGxjk3ViRCeIB6pG2gQJyoTjI5bgyPjNKFQSjNExpO1N8TCeJKDblvOjnSfTXvpeJ/XjvWwUUnoSKKNRF4uiiIGdQhTJOCXSoJ1mxoAMKSmr9C3EcSYW3yTENw5k9eBI2zklMuOTeVQrUyiyMLDsAhKAIHnIMquAY1UAcYPIJn8ArerCfrxXq3PqatGWs2sw/+lPX1A8avn98=</latexit>
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Markov Decision Process Formalism

• A finite Markov Decision Process (MDP) is a 5-tuple (S, A, T, R, 𝛄) 
where:
• A is a set of actions the agent can take

• T is the transition model
• No longer a matrix with entries pij, but a tensor with entries paij
• “If I’m in si and perform action a, what is the probability I end up in sj”

• S, R and𝛄 are as before
P (sj |si, a)

<latexit sha1_base64="9PrgPaFXA+rCk6CgkitD6PouCZc=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69LBahgpREC3osePFYwX5AG8Jmu2nXbjZhd1Mosf/EiwdFvPpPvPlv3LY5aOuDgcd7M8zMCxLOlHacb6uwtr6xuVXcLu3s7u0f2IdHLRWnktAmiXksOwFWlDNBm5ppTjuJpDgKOG0Ho9uZ3x5TqVgsHvQkoV6EB4KFjGBtJN+2S42K8h/RE1I+u0D43LfLTtWZA60SNydlyNHw7a9ePyZpRIUmHCvVdZ1EexmWmhFOp6VeqmiCyQgPaNdQgSOqvGx++RSdGaWPwliaEhrN1d8TGY6UmkSB6YywHqplbyb+53VTHd54GRNJqqkgi0VhypGO0SwG1GeSEs0nhmAimbkVkSGWmGgTVsmE4C6/vEpal1X3qure18r1Wh5HEU7gFCrgwjXU4Q4a0AQCY3iGV3izMuvFerc+Fq0FK585hj+wPn8A1CWRyw==</latexit>

A = {a1, a2, . . . , am}
<latexit sha1_base64="Yl5PEmHtm0xhbZ8FY4HZiZvjodA=">AAACB3icbVDLSsNAFJ3UV62vqEtBBovgopSkFnQjVNy4rGAf0IQwmUzaoTNJmJkIJXTnxl9x40IRt/6CO//GSZuFth64cOace5l7j58wKpVlfRulldW19Y3yZmVre2d3z9w/6Mo4FZh0cMxi0feRJIxGpKOoYqSfCIK4z0jPH9/kfu+BCEnj6F5NEuJyNIxoSDFSWvLM48o1vIJOhjy7BpHXqEGHBbGS+YM7U8+sWnVrBrhM7IJUQYG2Z345QYxTTiKFGZJyYFuJcjMkFMWMTCtOKkmC8BgNyUDTCHEi3Wx2xxSeaiWAYSx0RQrO1N8TGeJSTrivOzlSI7no5eJ/3iBV4aWb0ShJFYnw/KMwZVDFMA8FBlQQrNhEE4QF1btCPEICYaWjq+gQ7MWTl0m3UbfP6/Zds9pqFnGUwRE4AWfABhegBW5BG3QABo/gGbyCN+PJeDHejY95a8koZg7BHxifP9Pflro=</latexit>
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Making Decisions

• Main question: what actions should the agent take?

• We are searching for a policy:

• We want the optimal policy π*, one that maximizes expected sum of 
discounted future rewards.

• Intuition: solve for V*, and extract π* from it.

⇡ : S 7! A
<latexit sha1_base64="M8O2+GtsKLJuoH6sIHe++VDLETI=">AAAB+nicbVDLSgMxFM3UVx1fU126CRbBVZnRguKq4sZlRfuAzlAyaaYNTTIhySil9lPcuFDErV/izr8xbWehrQcuHM65l3vviSWj2vj+t1NYWV1b3yhuulvbO7t7Xmm/qdNMYdLAKUtVO0aaMCpIw1DDSFsqgnjMSCseXk/91gNRmqbi3owkiTjqC5pQjIyVul7JDSW9hHcw5Ehqk8Krrlf2K/4McJkEOSmDHPWu9xX2UpxxIgxmSOtO4EsTjZEyFDMyccNME4nwEPVJx1KBONHReHb6BB5bpQeTVNkSBs7U3xNjxLUe8dh2cmQGetGbiv95ncwkF9GYCpkZIvB8UZIxaF+c5gB7VBFs2MgShBW1t0I8QAphY9NybQjB4svLpHlaCc4qwW21XKvmcRTBITgCJyAA56AGbkAdNAAGj+AZvII358l5cd6dj3lrwclnDsAfOJ8/PkGSpw==</latexit>
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Value Iteration for MDPs

• The Bellman Equation:

• Bellman equation for dynamic programming:

• Compute V0(si), V1(si), V2(si), … for all si until convergence

• Extract policy using greedy 1-step look-ahead:

V k(si) = R(si) + max
a

�
nX

j=1

paijV
k�1(sj)

<latexit sha1_base64="+Ti+mc4hbyC3DLH3U9WjHHS96j8="></latexit>

V ⇤(si) = R(si) + max
a

�
nX

j=1

paijV
⇤(sj)

<latexit sha1_base64="2MhtzPvAIBpB1lRH/zcksUgp8rg="></latexit>

⇡⇤(si) = argmax
a

R(si) + �
nX

j=1

paijV
⇤(sj)

<latexit sha1_base64="ezvBw5p3Cuncx/QfjGZfavgNlrg="></latexit>



Value Iteration for MDPs

• An MDP is a 5-tuple (S, A, T, R, 𝛄)

VALUE-ITERATION(S, A, T, R, 𝛄):

initialize value function V0(si) = R(si)
k ß 1
loop until convergence:

for each si:

k ß k + 1
return

V k(si) = R(si) + max
a

�
nX

j=1

paijV
k�1(sj)

<latexit sha1_base64="+Ti+mc4hbyC3DLH3U9WjHHS96j8="></latexit>

⇡⇤(si) = argmax
a

R(si) + �
nX

j=1

paijV
⇤(sj)

<latexit sha1_base64="ezvBw5p3Cuncx/QfjGZfavgNlrg="></latexit>



Policy Iteration

POLICY-ITERATION(S, A, T, R, 𝛄):

initialize π0 to a random policy
k ß 1
loop until convergence:

for each si:

for each si:

k ß k + 1
return π*

⇡k+1(si) = argmax
a

R(si) + �
nX

j=1

paijV
⇡k

(sj)

<latexit sha1_base64="v+SBd0Ld0VBLlkWqco8N3nf5He8="></latexit>

Policy 
evaluation

Policy 
improvement

V ⇡k

(si) = R(si) + �
nX

j=1

p
⇡k(sj)
ij V ⇡k

(sj)

<latexit sha1_base64="g058uLGNmORRHbE/i5RBUwFSRSM="></latexit>



A More Realistic Scenario

• An MDP is a 5-tuple (S, A, T, R, 𝛄)

• When T and R are known:
• An offline learning problem: agent can just think for a while “in its own 

head”
• Can use value or policy iteration

• When T or R are unknown:
• An online learning problem: agent needs to actually interact with the real 

world to get anywhere
• Need other techniques



Q Learning



Q-Learning

• Q*(s, a): expected sum of discounted future rewards if I take action a
in state s, and act optimally thereafter.

• How does Q*(s, a) relate to V*(s) and π*(s)?

• Can we recursively express Q*(s, a)?

V ⇤(s) = max
a

Q⇤(s, a)
<latexit sha1_base64="AWIe3+DD/jENZO6w1a/XP1DiiW8=">AAACA3icbVDLSgMxFM3UVx1fo+50EyxCK1JmtKAboeDGZQv2Ae1Y7qRpG5p5kGTEUgpu/BU3LhRx60+482/MtLPQ1gMXTs65l9x7vIgzqWz728gsLa+srmXXzY3Nre0da3evLsNYEFojIQ9F0wNJOQtoTTHFaTMSFHyP04Y3vE78xj0VkoXBrRpF1PWhH7AeI6C01LEOzPrdSV4W8BVu+/DQAVxN3qcYCh0rZxftKfAicVKSQykqHeur3Q1J7NNAEQ5Sthw7Uu4YhGKE04nZjiWNgAyhT1uaBuBT6Y6nN0zwsVa6uBcKXYHCU/X3xBh8KUe+pzt9UAM57yXif14rVr1Ld8yCKFY0ILOPejHHKsRJILjLBCWKjzQBIpjeFZMBCCBKx2bqEJz5kxdJ/azonBedailXLqVxZNEhOkJ55KALVEY3qIJqiKBH9Ixe0ZvxZLwY78bHrDVjpDP76A+Mzx8kY5SZ</latexit>

⇡⇤(s) = argmax
a

Q⇤(s, a)
<latexit sha1_base64="pKPs5EfBqb/pWsPi5950qq8rqtc=">AAACC3icbVDLSgNBEJyNr7i+Vj16GROERCTsakAvQsCLxwTMA7Jr6J1MkiGzD2ZmxRBy9+KvePGgiFd/wJt/42ySg0YLGoqqbrq7/JgzqWz7y8gsLa+srmXXzY3Nre0da3evIaNEEFonEY9EywdJOQtpXTHFaSsWFAKf06Y/vEr95h0VkkXhjRrF1AugH7IeI6C01LFyphuz2+OCLOJL7ILou4duAPcdwLVUPcFQ7Fh5u2RPgf8SZ07yaI5qx/p0uxFJAhoqwkHKtmPHyhuDUIxwOjHdRNIYyBD6tK1pCAGV3nj6ywQfaaWLe5HQFSo8VX9OjCGQchT4ujMANZCLXir+57UT1bvwxiyME0VDMlvUSzhWEU6DwV0mKFF8pAkQwfStmAxAAFE6PlOH4Cy+/Jc0TkvOWcmplfOV8jyOLDpAOVRADjpHFXSNqqiOCHpAT+gFvRqPxrPxZrzPWjPGfGYf/YLx8Q0UuZfb</latexit>

Q⇤(si, a) = R(si) + �
X

j

paij max
a0

Q⇤(sj , a
0)

<latexit sha1_base64="ZLQlQA/nsOsHycsEujI3LfU2lRk="></latexit>



Q-Learning

s1

s2

s

p1

p2

a

Q⇤(s, a) = R(s) + �{p1 max
a0

Q⇤(s1, a
0) + p2 max

a00
Q⇤(s2, a

00)}
<latexit sha1_base64="XvTCsNMY9xaGz0LQbdm1dz3H1g8="></latexit>



Q-Learning

s1

s

p1

a

R(s) + �max
a0

Q⇤(s1, a
0)

<latexit sha1_base64="b6/VW1E1H5UyDtI3F7XtR0xfveY=">AAACDHicbVDLTgIxFO3gC/GFunTTSAyghsygiS6JblyCETABJHdKgYZ2ZtJ2jGTCB7jxV9y40Bi3foA7/8YCs1DwJE1Ozjk3t/e4AWdK2/a3lVhYXFpeSa6m1tY3NrfS2zs15YeS0CrxuS9vXVCUM49WNdOc3gaSgnA5rbuDy7Ffv6dSMd+70cOAtgT0PNZlBLSR2unMdU7l8RFu9kAIwE0BD+0IsiNcuTvMqbZzDNm8SdkFewI8T5yYZFCMcjv91ez4JBTU04SDUg3HDnQrAqkZ4XSUaoaKBkAG0KMNQz0QVLWiyTEjfGCUDu760jxP44n6eyICodRQuCYpQPfVrDcW//Maoe6etyLmBaGmHpku6oYcax+Pm8EdJinRfGgIEMnMXzHpgwSiTX8pU4Ize/I8qRULzkmhWDnNlC7iOpJoD+2jHHLQGSqhK1RGVUTQI3pGr+jNerJerHfrYxpNWPHMLvoD6/MHOjuYjw==</latexit>



Q-Learning

s1

s

p1

a

R(s) + �max
a0

Q⇤(s1, a
0)

<latexit sha1_base64="b6/VW1E1H5UyDtI3F7XtR0xfveY=">AAACDHicbVDLTgIxFO3gC/GFunTTSAyghsygiS6JblyCETABJHdKgYZ2ZtJ2jGTCB7jxV9y40Bi3foA7/8YCs1DwJE1Ozjk3t/e4AWdK2/a3lVhYXFpeSa6m1tY3NrfS2zs15YeS0CrxuS9vXVCUM49WNdOc3gaSgnA5rbuDy7Ffv6dSMd+70cOAtgT0PNZlBLSR2unMdU7l8RFu9kAIwE0BD+0IsiNcuTvMqbZzDNm8SdkFewI8T5yYZFCMcjv91ez4JBTU04SDUg3HDnQrAqkZ4XSUaoaKBkAG0KMNQz0QVLWiyTEjfGCUDu760jxP44n6eyICodRQuCYpQPfVrDcW//Maoe6etyLmBaGmHpku6oYcax+Pm8EdJinRfGgIEMnMXzHpgwSiTX8pU4Ize/I8qRULzkmhWDnNlC7iOpJoD+2jHHLQGSqhK1RGVUTQI3pGr+jNerJerHfrYxpNWPHMLvoD6/MHOjuYjw==</latexit>

R(s) + �max
a0

Q⇤(s1, a
0)

<latexit sha1_base64="b6/VW1E1H5UyDtI3F7XtR0xfveY=">AAACDHicbVDLTgIxFO3gC/GFunTTSAyghsygiS6JblyCETABJHdKgYZ2ZtJ2jGTCB7jxV9y40Bi3foA7/8YCs1DwJE1Ozjk3t/e4AWdK2/a3lVhYXFpeSa6m1tY3NrfS2zs15YeS0CrxuS9vXVCUM49WNdOc3gaSgnA5rbuDy7Ffv6dSMd+70cOAtgT0PNZlBLSR2unMdU7l8RFu9kAIwE0BD+0IsiNcuTvMqbZzDNm8SdkFewI8T5yYZFCMcjv91ez4JBTU04SDUg3HDnQrAqkZ4XSUaoaKBkAG0KMNQz0QVLWiyTEjfGCUDu760jxP44n6eyICodRQuCYpQPfVrDcW//Maoe6etyLmBaGmHpku6oYcax+Pm8EdJinRfGgIEMnMXzHpgwSiTX8pU4Ize/I8qRULzkmhWDnNlC7iOpJoD+2jHHLQGSqhK1RGVUTQI3pGr+jNerJerHfrYxpNWPHMLvoD6/MHOjuYjw==</latexit>



Q-Learning

s2

s
p2

a

R(s) + �max
a0

Q⇤(s1, a
0)

<latexit sha1_base64="b6/VW1E1H5UyDtI3F7XtR0xfveY=">AAACDHicbVDLTgIxFO3gC/GFunTTSAyghsygiS6JblyCETABJHdKgYZ2ZtJ2jGTCB7jxV9y40Bi3foA7/8YCs1DwJE1Ozjk3t/e4AWdK2/a3lVhYXFpeSa6m1tY3NrfS2zs15YeS0CrxuS9vXVCUM49WNdOc3gaSgnA5rbuDy7Ffv6dSMd+70cOAtgT0PNZlBLSR2unMdU7l8RFu9kAIwE0BD+0IsiNcuTvMqbZzDNm8SdkFewI8T5yYZFCMcjv91ez4JBTU04SDUg3HDnQrAqkZ4XSUaoaKBkAG0KMNQz0QVLWiyTEjfGCUDu760jxP44n6eyICodRQuCYpQPfVrDcW//Maoe6etyLmBaGmHpku6oYcax+Pm8EdJinRfGgIEMnMXzHpgwSiTX8pU4Ize/I8qRULzkmhWDnNlC7iOpJoD+2jHHLQGSqhK1RGVUTQI3pGr+jNerJerHfrYxpNWPHMLvoD6/MHOjuYjw==</latexit>

R(s) + �max
a0

Q⇤(s1, a
0)

<latexit sha1_base64="b6/VW1E1H5UyDtI3F7XtR0xfveY=">AAACDHicbVDLTgIxFO3gC/GFunTTSAyghsygiS6JblyCETABJHdKgYZ2ZtJ2jGTCB7jxV9y40Bi3foA7/8YCs1DwJE1Ozjk3t/e4AWdK2/a3lVhYXFpeSa6m1tY3NrfS2zs15YeS0CrxuS9vXVCUM49WNdOc3gaSgnA5rbuDy7Ffv6dSMd+70cOAtgT0PNZlBLSR2unMdU7l8RFu9kAIwE0BD+0IsiNcuTvMqbZzDNm8SdkFewI8T5yYZFCMcjv91ez4JBTU04SDUg3HDnQrAqkZ4XSUaoaKBkAG0KMNQz0QVLWiyTEjfGCUDu760jxP44n6eyICodRQuCYpQPfVrDcW//Maoe6etyLmBaGmHpku6oYcax+Pm8EdJinRfGgIEMnMXzHpgwSiTX8pU4Ize/I8qRULzkmhWDnNlC7iOpJoD+2jHHLQGSqhK1RGVUTQI3pGr+jNerJerHfrYxpNWPHMLvoD6/MHOjuYjw==</latexit>

R(s) + �max
a00

Q⇤(s2, a
00)

<latexit sha1_base64="YissZjsCwXMyY0zCFgWBtus+dzM=">AAACDnicbVBNTwIxEO36LX6hHr00EgKoIbtookejF49gBE1Y3MyWAg3t7qbtGsmGX+DFv+LFg8Z49ezNf2PBPSj4kkle35tJZ54fcaa0bX9ZM7Nz8wuLS8uZldW19Y3s5lZDhbEktE5CHsobHxTlLKB1zTSnN5GkIHxOr/3++ci/vqNSsTC40oOItgR0A9ZhBLSRvGz+sqhKeB+7XRACsCvg3kugUBji2u1eUXmVA/MoedmcXbbHwNPESUkOpah62U+3HZJY0EATDko1HTvSrQSkZoTTYcaNFY2A9KFLm4YGIKhqJeNzhjhvlDbuhNJUoPFY/T2RgFBqIHzTKUD31KQ3Ev/zmrHunLQSFkSxpgH5+agTc6xDPMoGt5mkRPOBIUAkM7ti0gMJRJsEMyYEZ/LkadKolJ3DcqV2lDs9S+NYQjtoFxWRg47RKbpAVVRHBD2gJ/SCXq1H69l6s95/WmesdGYb/YH18Q0QQZjy</latexit>



Q-Learning

s1

s

p1

a

R(s) + �max
a0

Q⇤(s1, a
0)

<latexit sha1_base64="b6/VW1E1H5UyDtI3F7XtR0xfveY=">AAACDHicbVDLTgIxFO3gC/GFunTTSAyghsygiS6JblyCETABJHdKgYZ2ZtJ2jGTCB7jxV9y40Bi3foA7/8YCs1DwJE1Ozjk3t/e4AWdK2/a3lVhYXFpeSa6m1tY3NrfS2zs15YeS0CrxuS9vXVCUM49WNdOc3gaSgnA5rbuDy7Ffv6dSMd+70cOAtgT0PNZlBLSR2unMdU7l8RFu9kAIwE0BD+0IsiNcuTvMqbZzDNm8SdkFewI8T5yYZFCMcjv91ez4JBTU04SDUg3HDnQrAqkZ4XSUaoaKBkAG0KMNQz0QVLWiyTEjfGCUDu760jxP44n6eyICodRQuCYpQPfVrDcW//Maoe6etyLmBaGmHpku6oYcax+Pm8EdJinRfGgIEMnMXzHpgwSiTX8pU4Ize/I8qRULzkmhWDnNlC7iOpJoD+2jHHLQGSqhK1RGVUTQI3pGr+jNerJerHfrYxpNWPHMLvoD6/MHOjuYjw==</latexit>

R(s) + �max
a0

Q⇤(s1, a
0)

<latexit sha1_base64="b6/VW1E1H5UyDtI3F7XtR0xfveY=">AAACDHicbVDLTgIxFO3gC/GFunTTSAyghsygiS6JblyCETABJHdKgYZ2ZtJ2jGTCB7jxV9y40Bi3foA7/8YCs1DwJE1Ozjk3t/e4AWdK2/a3lVhYXFpeSa6m1tY3NrfS2zs15YeS0CrxuS9vXVCUM49WNdOc3gaSgnA5rbuDy7Ffv6dSMd+70cOAtgT0PNZlBLSR2unMdU7l8RFu9kAIwE0BD+0IsiNcuTvMqbZzDNm8SdkFewI8T5yYZFCMcjv91ez4JBTU04SDUg3HDnQrAqkZ4XSUaoaKBkAG0KMNQz0QVLWiyTEjfGCUDu760jxP44n6eyICodRQuCYpQPfVrDcW//Maoe6etyLmBaGmHpku6oYcax+Pm8EdJinRfGgIEMnMXzHpgwSiTX8pU4Ize/I8qRULzkmhWDnNlC7iOpJoD+2jHHLQGSqhK1RGVUTQI3pGr+jNerJerHfrYxpNWPHMLvoD6/MHOjuYjw==</latexit>

R(s) + �max
a00

Q⇤(s2, a
00)

<latexit sha1_base64="YissZjsCwXMyY0zCFgWBtus+dzM=">AAACDnicbVBNTwIxEO36LX6hHr00EgKoIbtookejF49gBE1Y3MyWAg3t7qbtGsmGX+DFv+LFg8Z49ezNf2PBPSj4kkle35tJZ54fcaa0bX9ZM7Nz8wuLS8uZldW19Y3s5lZDhbEktE5CHsobHxTlLKB1zTSnN5GkIHxOr/3++ci/vqNSsTC40oOItgR0A9ZhBLSRvGz+sqhKeB+7XRACsCvg3kugUBji2u1eUXmVA/MoedmcXbbHwNPESUkOpah62U+3HZJY0EATDko1HTvSrQSkZoTTYcaNFY2A9KFLm4YGIKhqJeNzhjhvlDbuhNJUoPFY/T2RgFBqIHzTKUD31KQ3Ev/zmrHunLQSFkSxpgH5+agTc6xDPMoGt5mkRPOBIUAkM7ti0gMJRJsEMyYEZ/LkadKolJ3DcqV2lDs9S+NYQjtoFxWRg47RKbpAVVRHBD2gJ/SCXq1H69l6s95/WmesdGYb/YH18Q0QQZjy</latexit>

R(s) + �max
a0

Q⇤(s1, a
0)

<latexit sha1_base64="b6/VW1E1H5UyDtI3F7XtR0xfveY=">AAACDHicbVDLTgIxFO3gC/GFunTTSAyghsygiS6JblyCETABJHdKgYZ2ZtJ2jGTCB7jxV9y40Bi3foA7/8YCs1DwJE1Ozjk3t/e4AWdK2/a3lVhYXFpeSa6m1tY3NrfS2zs15YeS0CrxuS9vXVCUM49WNdOc3gaSgnA5rbuDy7Ffv6dSMd+70cOAtgT0PNZlBLSR2unMdU7l8RFu9kAIwE0BD+0IsiNcuTvMqbZzDNm8SdkFewI8T5yYZFCMcjv91ez4JBTU04SDUg3HDnQrAqkZ4XSUaoaKBkAG0KMNQz0QVLWiyTEjfGCUDu760jxP44n6eyICodRQuCYpQPfVrDcW//Maoe6etyLmBaGmHpku6oYcax+Pm8EdJinRfGgIEMnMXzHpgwSiTX8pU4Ize/I8qRULzkmhWDnNlC7iOpJoD+2jHHLQGSqhK1RGVUTQI3pGr+jNerJerHfrYxpNWPHMLvoD6/MHOjuYjw==</latexit>



Q-Learning

s1

s

p1

a

R(s) + �max
a0

Q⇤(s1, a
0)

<latexit sha1_base64="b6/VW1E1H5UyDtI3F7XtR0xfveY=">AAACDHicbVDLTgIxFO3gC/GFunTTSAyghsygiS6JblyCETABJHdKgYZ2ZtJ2jGTCB7jxV9y40Bi3foA7/8YCs1DwJE1Ozjk3t/e4AWdK2/a3lVhYXFpeSa6m1tY3NrfS2zs15YeS0CrxuS9vXVCUM49WNdOc3gaSgnA5rbuDy7Ffv6dSMd+70cOAtgT0PNZlBLSR2unMdU7l8RFu9kAIwE0BD+0IsiNcuTvMqbZzDNm8SdkFewI8T5yYZFCMcjv91ez4JBTU04SDUg3HDnQrAqkZ4XSUaoaKBkAG0KMNQz0QVLWiyTEjfGCUDu760jxP44n6eyICodRQuCYpQPfVrDcW//Maoe6etyLmBaGmHpku6oYcax+Pm8EdJinRfGgIEMnMXzHpgwSiTX8pU4Ize/I8qRULzkmhWDnNlC7iOpJoD+2jHHLQGSqhK1RGVUTQI3pGr+jNerJerHfrYxpNWPHMLvoD6/MHOjuYjw==</latexit>

R(s) + �max
a0

Q⇤(s1, a
0)

<latexit sha1_base64="b6/VW1E1H5UyDtI3F7XtR0xfveY=">AAACDHicbVDLTgIxFO3gC/GFunTTSAyghsygiS6JblyCETABJHdKgYZ2ZtJ2jGTCB7jxV9y40Bi3foA7/8YCs1DwJE1Ozjk3t/e4AWdK2/a3lVhYXFpeSa6m1tY3NrfS2zs15YeS0CrxuS9vXVCUM49WNdOc3gaSgnA5rbuDy7Ffv6dSMd+70cOAtgT0PNZlBLSR2unMdU7l8RFu9kAIwE0BD+0IsiNcuTvMqbZzDNm8SdkFewI8T5yYZFCMcjv91ez4JBTU04SDUg3HDnQrAqkZ4XSUaoaKBkAG0KMNQz0QVLWiyTEjfGCUDu760jxP44n6eyICodRQuCYpQPfVrDcW//Maoe6etyLmBaGmHpku6oYcax+Pm8EdJinRfGgIEMnMXzHpgwSiTX8pU4Ize/I8qRULzkmhWDnNlC7iOpJoD+2jHHLQGSqhK1RGVUTQI3pGr+jNerJerHfrYxpNWPHMLvoD6/MHOjuYjw==</latexit>

R(s) + �max
a00

Q⇤(s2, a
00)

<latexit sha1_base64="YissZjsCwXMyY0zCFgWBtus+dzM=">AAACDnicbVBNTwIxEO36LX6hHr00EgKoIbtookejF49gBE1Y3MyWAg3t7qbtGsmGX+DFv+LFg8Z49ezNf2PBPSj4kkle35tJZ54fcaa0bX9ZM7Nz8wuLS8uZldW19Y3s5lZDhbEktE5CHsobHxTlLKB1zTSnN5GkIHxOr/3++ci/vqNSsTC40oOItgR0A9ZhBLSRvGz+sqhKeB+7XRACsCvg3kugUBji2u1eUXmVA/MoedmcXbbHwNPESUkOpah62U+3HZJY0EATDko1HTvSrQSkZoTTYcaNFY2A9KFLm4YGIKhqJeNzhjhvlDbuhNJUoPFY/T2RgFBqIHzTKUD31KQ3Ev/zmrHunLQSFkSxpgH5+agTc6xDPMoGt5mkRPOBIUAkM7ti0gMJRJsEMyYEZ/LkadKolJ3DcqV2lDs9S+NYQjtoFxWRg47RKbpAVVRHBD2gJ/SCXq1H69l6s95/WmesdGYb/YH18Q0QQZjy</latexit>

R(s) + �max
a0

Q⇤(s1, a
0)

<latexit sha1_base64="b6/VW1E1H5UyDtI3F7XtR0xfveY=">AAACDHicbVDLTgIxFO3gC/GFunTTSAyghsygiS6JblyCETABJHdKgYZ2ZtJ2jGTCB7jxV9y40Bi3foA7/8YCs1DwJE1Ozjk3t/e4AWdK2/a3lVhYXFpeSa6m1tY3NrfS2zs15YeS0CrxuS9vXVCUM49WNdOc3gaSgnA5rbuDy7Ffv6dSMd+70cOAtgT0PNZlBLSR2unMdU7l8RFu9kAIwE0BD+0IsiNcuTvMqbZzDNm8SdkFewI8T5yYZFCMcjv91ez4JBTU04SDUg3HDnQrAqkZ4XSUaoaKBkAG0KMNQz0QVLWiyTEjfGCUDu760jxP44n6eyICodRQuCYpQPfVrDcW//Maoe6etyLmBaGmHpku6oYcax+Pm8EdJinRfGgIEMnMXzHpgwSiTX8pU4Ize/I8qRULzkmhWDnNlC7iOpJoD+2jHHLQGSqhK1RGVUTQI3pGr+jNerJerHfrYxpNWPHMLvoD6/MHOjuYjw==</latexit>

R(s) + �

⇢
3

4
max
a0

Q⇤(s1, a
0) +

1

4
max
a00

Q⇤(s2, a
00)

�

<latexit sha1_base64="vC8R5aB0lOe2007B57uUhxH1SsU="></latexit>



Q-Learning

• Q*(s, a): expected sum of discounted future rewards if I take action a
in state s, and act optimally thereafter.

• How does Q*(s, a) relate to V*(s) and π*(s)?

• Can we recursively express Q*(s, a)?

V ⇤(s) = max
a

Q⇤(s, a)
<latexit sha1_base64="AWIe3+DD/jENZO6w1a/XP1DiiW8=">AAACA3icbVDLSgMxFM3UVx1fo+50EyxCK1JmtKAboeDGZQv2Ae1Y7qRpG5p5kGTEUgpu/BU3LhRx60+482/MtLPQ1gMXTs65l9x7vIgzqWz728gsLa+srmXXzY3Nre0da3evLsNYEFojIQ9F0wNJOQtoTTHFaTMSFHyP04Y3vE78xj0VkoXBrRpF1PWhH7AeI6C01LEOzPrdSV4W8BVu+/DQAVxN3qcYCh0rZxftKfAicVKSQykqHeur3Q1J7NNAEQ5Sthw7Uu4YhGKE04nZjiWNgAyhT1uaBuBT6Y6nN0zwsVa6uBcKXYHCU/X3xBh8KUe+pzt9UAM57yXif14rVr1Ld8yCKFY0ILOPejHHKsRJILjLBCWKjzQBIpjeFZMBCCBKx2bqEJz5kxdJ/azonBedailXLqVxZNEhOkJ55KALVEY3qIJqiKBH9Ixe0ZvxZLwY78bHrDVjpDP76A+Mzx8kY5SZ</latexit>

⇡⇤(s) = argmax
a

Q⇤(s, a)
<latexit sha1_base64="pKPs5EfBqb/pWsPi5950qq8rqtc=">AAACC3icbVDLSgNBEJyNr7i+Vj16GROERCTsakAvQsCLxwTMA7Jr6J1MkiGzD2ZmxRBy9+KvePGgiFd/wJt/42ySg0YLGoqqbrq7/JgzqWz7y8gsLa+srmXXzY3Nre0da3evIaNEEFonEY9EywdJOQtpXTHFaSsWFAKf06Y/vEr95h0VkkXhjRrF1AugH7IeI6C01LFyphuz2+OCLOJL7ILou4duAPcdwLVUPcFQ7Fh5u2RPgf8SZ07yaI5qx/p0uxFJAhoqwkHKtmPHyhuDUIxwOjHdRNIYyBD6tK1pCAGV3nj6ywQfaaWLe5HQFSo8VX9OjCGQchT4ujMANZCLXir+57UT1bvwxiyME0VDMlvUSzhWEU6DwV0mKFF8pAkQwfStmAxAAFE6PlOH4Cy+/Jc0TkvOWcmplfOV8jyOLDpAOVRADjpHFXSNqqiOCHpAT+gFvRqPxrPxZrzPWjPGfGYf/YLx8Q0UuZfb</latexit>

Q⇤(si, a) = R(si) + �
X

j

paij max
a0

Q⇤(sj , a
0)

<latexit sha1_base64="ZLQlQA/nsOsHycsEujI3LfU2lRk="></latexit>



Q-Learning

• Q*(s, a): expected sum of discounted future rewards if I take action a
in state s, and act optimally thereafter.

• How does Q*(s, a) relate to V*(s) and π*(s)?

• Q-learning update rule:

V ⇤(s) = max
a

Q⇤(s, a)
<latexit sha1_base64="AWIe3+DD/jENZO6w1a/XP1DiiW8=">AAACA3icbVDLSgMxFM3UVx1fo+50EyxCK1JmtKAboeDGZQv2Ae1Y7qRpG5p5kGTEUgpu/BU3LhRx60+482/MtLPQ1gMXTs65l9x7vIgzqWz728gsLa+srmXXzY3Nre0da3evLsNYEFojIQ9F0wNJOQtoTTHFaTMSFHyP04Y3vE78xj0VkoXBrRpF1PWhH7AeI6C01LEOzPrdSV4W8BVu+/DQAVxN3qcYCh0rZxftKfAicVKSQykqHeur3Q1J7NNAEQ5Sthw7Uu4YhGKE04nZjiWNgAyhT1uaBuBT6Y6nN0zwsVa6uBcKXYHCU/X3xBh8KUe+pzt9UAM57yXif14rVr1Ld8yCKFY0ILOPejHHKsRJILjLBCWKjzQBIpjeFZMBCCBKx2bqEJz5kxdJ/azonBedailXLqVxZNEhOkJ55KALVEY3qIJqiKBH9Ixe0ZvxZLwY78bHrDVjpDP76A+Mzx8kY5SZ</latexit>

⇡⇤(s) = argmax
a

Q⇤(s, a)
<latexit sha1_base64="pKPs5EfBqb/pWsPi5950qq8rqtc=">AAACC3icbVDLSgNBEJyNr7i+Vj16GROERCTsakAvQsCLxwTMA7Jr6J1MkiGzD2ZmxRBy9+KvePGgiFd/wJt/42ySg0YLGoqqbrq7/JgzqWz7y8gsLa+srmXXzY3Nre0da3evIaNEEFonEY9EywdJOQtpXTHFaSsWFAKf06Y/vEr95h0VkkXhjRrF1AugH7IeI6C01LFyphuz2+OCLOJL7ILou4duAPcdwLVUPcFQ7Fh5u2RPgf8SZ07yaI5qx/p0uxFJAhoqwkHKtmPHyhuDUIxwOjHdRNIYyBD6tK1pCAGV3nj6ywQfaaWLe5HQFSo8VX9OjCGQchT4ujMANZCLXir+57UT1bvwxiyME0VDMlvUSzhWEU6DwV0mKFF8pAkQwfStmAxAAFE6PlOH4Cy+/Jc0TkvOWcmplfOV8jyOLDpAOVRADjpHFXSNqqiOCHpAT+gFvRqPxrPxZrzPWjPGfGYf/YLx8Q0UuZfb</latexit>

Q(s, a) Q(s, a) + ↵
n
R(s) + �max

a0
Q(s0, a0)�Q(s, a)

o

<latexit sha1_base64="/a1kkQbDN2YQEarlsWgCpbM8WTc="></latexit>



Deep Q-Networks (DQN)

• What if the state space is large?
• Use a function approximator to represent Q*

Q(s, a) Q(s, a) + ↵
n
R(s) + �max

a0
Q(s0, a0)�Q(s, a)

o

<latexit sha1_base64="/a1kkQbDN2YQEarlsWgCpbM8WTc="></latexit>

“target”



Deep Q-Networks (DQN)

• What if the state space is large?
• Use a function approximator to represent Q*

• The DQN algorithm
• Plays 49 different Atari games
• Learns from raw pixel inputs
• Uses a deep CNN for predicting Q*

• Other important techniques:
• Experience replay
• Target network
• And a slew of other tricks…



Policy Gradient 
Methods



An Alternative Approach

• If we care about the policy, why not learn it directly?

• Pros:
• More reliable/stable: we’re optimizing what we care about
• Works with continuous action spaces

• Cons:
• Less sample efficient (learning tends to happen on-policy)

• General idea:
• Use a stochastic policy

• Use a function approximator (deep neural network) to represent policy
• Use gradient-based optimization: encourage good actions, discourage bad ones

a ⇠ ⇡(.|s)
<latexit sha1_base64="pZGjyGh6igyKb+4EozrR7o52KDo=">AAAB+nicbVBNT8JAEJ3iF+JX0aOXjcQEL02LJnokevGIiYAJbch22cKG3bbZ3WoI8FO8eNAYr/4Sb/4bF+hBwZdM8vLeTGbmhSlnSrvut1VYW9/Y3Cpul3Z29/YP7PJhSyWZJLRJEp7IhxAryllMm5ppTh9SSbEIOW2Hw5uZ336kUrEkvtejlAYC92MWMYK1kbp2GSNfMYH8lFUdNEHqrGtXXMedA60SLycVyNHo2l9+LyGZoLEmHCvV8dxUB2MsNSOcTkt+pmiKyRD3acfQGAuqgvH89Ck6NUoPRYk0FWs0V39PjLFQaiRC0ymwHqhlbyb+53UyHV0FYxanmaYxWSyKMo50gmY5oB6TlGg+MgQTycytiAywxESbtEomBG/55VXSqjneuVO7u6jUr/M4inAMJ1AFDy6hDrfQgCYQeIJneIU3a2K9WO/Wx6K1YOUzR/AH1ucP90aSgg==</latexit>



The REINFORCE Algorithm

• Define the return:

• Assume a parameterized stochastic policy π𝜃
• Goal: “Find the parameters that maximize expected return”

• How?

R(⌧) =
1X

t=0

�tR(st)
<latexit sha1_base64="naCLCrWswhfVAcVVqtR4NRBis3s=">AAACIHicbVDLSgMxFM34tr6qLt0Ei1A3ZUaFuhFENy5VrAqdOtxJMzWYZIbkjlCG+RQ3/oobF4roTr/GtHbh60DgcM693JwTZ1JY9P13b2x8YnJqema2Mje/sLhUXV45t2luGG+xVKbmMgbLpdC8hQIlv8wMBxVLfhHfHA78i1turEj1GfYz3lHQ0yIRDNBJUbUZKsBrBrI4LeshQr5J92hocxUVuOeXV0UodIL9koY9UAqukJ7WbYSbUbXmN/wh6F8SjEiNjHAcVd/CbspyxTUyCda2Az/DTgEGBZO8rIS55RmwG+jxtqMaFLedYhiwpBtO6dIkNe5ppEP1+0YBytq+it3kII797Q3E/7x2jslupxA6y5Fr9nUoySXFlA7aol1hOEPZdwSYEe6vlF2DAYau04orIfgd+S8532oE242tk53a/sGojhmyRtZJnQSkSfbJETkmLcLIHXkgT+TZu/cevRfv9Wt0zBvtrJIf8D4+ARcgoug=</latexit>

argmax
✓

J(⇡✓) = E⌧⇠⇡✓ [R(⌧)]
<latexit sha1_base64="mEhfTVwnnvXTbXh5BjUvn5uhZOU="></latexit>

✓  ✓ + ↵r✓J(⇡✓)
<latexit sha1_base64="VZNwbgKkVv8f4K32G7cy+x5WGrM=">AAACJnicbZBNSwMxEIazftb6VfXoJVgERSi7VdCLIHoRTwpWhW4ps+msDWazSzKrlOKv8eJf8eKhIuLNn2Ja9+DXQODN886QzBtlSlry/XdvbHxicmq6NFOenZtfWKwsLV/YNDcCGyJVqbmKwKKSGhskSeFVZhCSSOFldHM09C9v0ViZ6nPqZdhK4FrLWAogh9qV/ZC6SMBDhTGBMekdL8gWD0FlXWdpiBS0C3yyEWayuGy2K1W/5o+K/xVBIaqsqNN2ZRB2UpEnqEkosLYZ+Bm1+mBICoX35TC3mIG4gWtsOqkhQdvqj9a85+uOdHicGnc08RH9PtGHxNpeErnOBKhrf3tD+J/XzCnea/WlznJCLb4einPFKeXDzHhHGhSkek6AMNL9lYsuGBDkki27EILfK/8VF/VasF2rn+1UDw6LOEpsla2xDRawXXbAjtkpazDBHtgTG7AX79F79l69t6/WMa+YWWE/yvv4BKZepUA=</latexit>



Deriving the Policy Gradient



The REINFORCE Algorithm

• To summarize, in order to perform:

• We estimate:

• And perform:

• Enhancements:
• Lower the variance in gradient estimates
• Use trust region updates: TRPO, PPO

✓  ✓ + ↵r✓J(⇡✓)
<latexit sha1_base64="VZNwbgKkVv8f4K32G7cy+x5WGrM=">AAACJnicbZBNSwMxEIazftb6VfXoJVgERSi7VdCLIHoRTwpWhW4ps+msDWazSzKrlOKv8eJf8eKhIuLNn2Ja9+DXQODN886QzBtlSlry/XdvbHxicmq6NFOenZtfWKwsLV/YNDcCGyJVqbmKwKKSGhskSeFVZhCSSOFldHM09C9v0ViZ6nPqZdhK4FrLWAogh9qV/ZC6SMBDhTGBMekdL8gWD0FlXWdpiBS0C3yyEWayuGy2K1W/5o+K/xVBIaqsqNN2ZRB2UpEnqEkosLYZ+Bm1+mBICoX35TC3mIG4gWtsOqkhQdvqj9a85+uOdHicGnc08RH9PtGHxNpeErnOBKhrf3tD+J/XzCnea/WlznJCLb4einPFKeXDzHhHGhSkek6AMNL9lYsuGBDkki27EILfK/8VF/VasF2rn+1UDw6LOEpsla2xDRawXXbAjtkpazDBHtgTG7AX79F79l69t6/WMa+YWWE/yvv4BKZepUA=</latexit>
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Summary

• Have a sequential decision or control problem? RL may help

• Deep RL = classic RL algorithms + deep neural networks
• Can be challenging to use/tune
• PPO is a good default

• High-quality implementations are available


