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What you will learn in this lecture

How to go from nuclear structure to reactions.

1) The nuclear problem at low energy.
2) The problem of continuum couplings.
3) Nuclei as open quantum systems.
4) Unification of nuclear structure and reactions.
5) Extending quantum many-body methods in the continuum.
6) From many-body structure to reactions observables.
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The nuclear problem

•A multi-scale
problem.

•At least two kinds of
particles involved.

•A residual, but still
strong, interaction.

•Emergent properties.

In the middle of the quantum ladder.

A fundamental problem!

From W. Nazarewicz, J. Phys. G 43, 044002 (2016)

FRIB, MSU - Kévin Fossez 3



Current situation in nuclear physics

application of modern optimization and statistical methods, together
with high-performance computing, has revolutionized nuclear DFT
during recent years.

In our study, we use quasi-local Skyrme functionals15 in the
particle–hole channel augmented by the density-dependent, zero-
range pairing term. The commonly used Skyrme EDFs reproduce total
binding energies with a root mean square error of the order of
1–4 MeV (refs 15, 16), and the agreement with the data can be signifi-
cantly improved by adding phenomenological correction terms17. The
Skyrme DFT approach has been successfully tested over the entire
chart of nuclides on a broad range of phenomena, and it usually per-
forms quite well when applied to energy differences (such as S2n), radii
and nuclear deformations. Other well-calibrated mass models include

the microscopic–macroscopic finite-range droplet model (FRDM)18,
the Brussels–Montreal Skyrme–HFB models based on the Hartree–
Fock–Bogoliubov (HFB) method17 and Gogny force models19,20.

Figure 2 illustrates the difficulties with theoretical extrapolations
towards drip lines. Shown are the S2n values for the isotopic chain of
even–even erbium isotopes predicted with different EDF, SLy421, SV-
min13, UNEDF015, UNEDF122, and with the FRDM18 and HFB-2117

models. In the region for which experimental data are available, all
models agree and well reproduce the data. However, the discrepancy
between various predictions steadily grows when moving away from
the region of known nuclei, because the dependence of the effective
force on the neutron-to-proton asymmetry (neutron excess) is poorly
determined. In the example considered, the neutron drip line is
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Figure 2 | Calculated and experimental two-neutron separation energies of
even–even erbium isotopes. Calculations performed in this work using SLy4,
SV-min, UNEDF0 and UNEDF1 functionals are compared to experiment2 and
FRDM18 and HFB-2117 models. The differences between model predictions are
small in the region where data exist (bracketed by vertical arrows) and grow

steadily when extrapolating towards the two-neutron drip line (S2n 5 0). The
bars on the SV-min results indicate statistical errors due to uncertainty in the
coupling constants of the functional. Detailed predictions around S2n 5 0 are
illustrated in the right inset. The left inset depicts the calculated and
experimental two-proton separation energies at N 5 76.
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Figure 1 | Nuclear even–even landscape as of 2012. Map of bound even–even
nuclei as a function of Z and N. There are 767 even–even isotopes known
experimentally,2,3 both stable (black squares) and radioactive (green squares).
Mean drip lines and their uncertainties (red) were obtained by averaging the
results of different models. The two-neutron drip line of SV-min (blue) is

shown together with the statistical uncertainties at Z 5 12, 68 and 120 (blue
error bars). The S2n 5 2 MeV line is also shown (brown) together with its
systematic uncertainty (orange). The inset shows the irregular behaviour of the
two-neutron drip line around Z 5 100.
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Intriguing phenomena at low energy

Nuclei as open
quantum systems.

Two-nucleon decay:
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FIG. 25 Energy conditions for different modes of the two-proton emission: (a) typical situation for decays of excited states
(both 1p and 2p decays are possible), (b) sequential decay via narrow intermediate resonance, (c) true 2p decay. The cases
(d) and (e) represent “democratic” decays. The gray dotted arrows in (c) and (d) indicate the “decay path” through the states
available only as virtual excitations.

a selected direction in space and spin alignment, which is
naturally achieved for short-lived states populated in nu-
clear reactions. The only example of such detailed stud-
ies is so far the two-neutron decay of broad states in 5H
(Golovkov et al., 2005)

2. Historical note

The possibility of a true two-proton emission was men-
tioned for the first time by Zeldovich (1960). This work
comprises the dripline prediction for light systems. Af-
ter predictions about existence of 13O and 20Mg isotopes
Zeldovich notes: “The existence of 12O, 16Ne, and 19Mg
is not excluded [...] These nuclei could appear to be
unstable with respect to emission of two protons simul-
taneously.” The explicit and detailed statement of the
two-proton radioactivity phenomenon was given by V.I.
Goldansky a bit later (Goldansky, 1960)1. While the pro-
ton and cluster radioactivity are quite straightforward
generalizations of α-radioactivity, the few-body decays
are qualitatively different and required ingenuity to fore-
see. The pioneering work of Goldansky contained several
important insights which we illustrate by the following
citation (Goldansky, 1960):

“Thus the simplest approach to the theory of two-
proton decay would consist in using the product of two
usual barrier factors, that is, in introducing an exponen-

1 Zeldovich and Goldansky lived next door to each other. The
problem is known to be a subject of many of their informal dis-
cussions (which are acknowledged in the paper of Goldansky).
Later, on occasion of the priority discussion raised by some peo-
ple, Zeldovich rejected any credits for the idea. Zeldovich was
famous for providing in his works insights important for later
development of physics in a very compact form and without at-
tempt of further elaboration.

tial factor of the type

w(ε) = exp

{
−2π(Z − 2)α

√
M√

ET

[
1√
ε

+
1√

1− ε

]}
,

(27)
where ET is the sum of the energies of the two protons
(energy of emitted diproton), ε and (1− ε) are the frac-
tions of energy referring to each of the protons.

It can easily be seen that the total barrier factor w(x)
is maximum for ε = 0.5, i.e., when the proton energies are
equal. It will be noted that the value in the exponent is
just the same as for the sub-barrier emission of a diproton
with the energy ET as a whole.”2

The general character of the energy distribution pre-
dicted by Eq. (27) has proven to be correct and is now
confirmed also experimentally. The idea of emission of
a “diproton particle” turned to be an attractive concept
but finally appeared to be misleading.

Later, significant theoretical work was devoted to iden-
tifying the best candidates for the observation of the 2p
radioactivity. Due to the extreme sensitivity of the 2p
decay probability to the width of the Coulomb barrier,
the decay energy of a candidate must fall into a rather
narrow window (Nazarewicz et al., 1996). The resulting
2p partial half-life should be long enough for an efficient
separation in the spectrometer (typically a fraction of
a microsecond) but short enough to compete with the
β+ decay channel (∼ 10 ms). Thus accurate mass pre-
dictions for nuclei beyond the drip line were necessary.
One of the most exact methods was the application of
the isobaric multiplet mass equation (IMME) (Benenson
and Kashy, 1979) combined with the experimentally mea-
sured mass of the neutron-rich member of the multiplet.

2 In Eq. (27) we have modified the notation of Goldansky to make
it consistent with the notation of this work.

(66%), argon (32%), nitrogen (1%), and methane (1%).
The primary ionization electrons drift in a uniform electric
field, with a velocity of 0:97 cm=�s, towards a double-
stage amplification structure formed by parallel-mesh flat
electrodes. In the second multiplication stage, emission of
UV photons occurs. After conversion of their wavelength
to the visual range by a thin luminescent foil, these photons
are recorded by a CCD camera and by a photomultiplier
tube (PMT). The camera image represents the projection of
particles’ tracks on the luminescent foil. The signals from
the PMT are digitized with a 50 MHz sampling frequency
providing information on the drift-time which is related to
the position along the axis normal to the image plane. By
changing the potential of an auxiliary gating electrode, the
chamber can be switched between a low sensitivity mode
in which tracks of highly ionizing heavy ions can be
recorded, and a high sensitivity mode used to detect light
particles emitted during the decay. The pioneering research
on gaseous detectors with position sensitive optical readout
was performed by Charpak et al. [18]. To the best of our
knowledge the detector described here represents the first
application of this idea to nuclear physics studies.

The experiment was performed at the National
Superconducting Cyclotron Laboratory at Michigan State
University, East Lansing, USA. Ions of 45Fe were produced
in the reaction of a 58Ni beam at 161 MeV=nucleon, with
average intensity of 15 pnA, impinging on a 800 mg=cm2

thick natural nickel target. The 45Fe fragments were sepa-
rated using the A1900 fragment separator [19] and identi-
fied in flight by using time-of-flight (TOF) and energy-loss
(�E) information for each ion. The TOF was measured
between a plastic scintillator located in the middle focal
plane of the A1900 separator and a thin silicon detector
mounted at the end of the beam line. The silicon detector
also provided the �E signal. Identified ions were slowed
down in an aluminum foil and stopped inside the OTPC.
The acquisition system was triggered selectively when a
45Fe ion was identified. In this way, the corresponding
CCD image and the PMT time profile could be assigned
unambiguously to individual ions. The trigger signal was
also used to switch the OTPC to the high sensitivity mode
and to turn the beam off for a period of about 75 ms to
prevent other ions from entering the detector while waiting
for the decay of the stopped ion.

An example of a recorded radioactive decay event of
45Fe is presented in Fig. 1. A track of 45Fe ion entering the
chamber from left can be seen on the CCD image (top).
After 535 �s, two short and bright tracks occurred which
originated from the end of the 45Fe track. Their length,
inferred from the image and from the time distribution of
the total light intensity measured by the PMT (bottom),
agrees with the value of 2.3 cm expected for protons of
about 0.6 MeV in the counting gas of the OTPC. The CCD
image shown in Fig. 1, supported by the PMT time profile,
represents direct and clear proof of the occurrence of the
2p radioactivity in 45Fe.

Apart from the 2p decay leading to 43Cr, the nucleus
45Fe can also decay by �� transitions to excited states of
45Mn. The decay energy for this disintegration mode is
predicted to be about 18.7 MeV [6] and in consequence
many decay channels involving �-delayed particle emis-
sion are possible. In fact, it is expected that 100% of the��

decays of 45Fe are followed by charged particle emission
and that these particles have energies large enough to
escape the active volume of the OTPC in most cases [6].
Such decay channels, including �-delayed 2p and
�-delayed 3p emission, have also been observed and will
be published separately [20].

In the course of the 9-day experiment, 125 decays of
45Fe were observed, 87 of them proceeding by the direct 2p
emission and 38 by � decay followed by proton emission.
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FIG. 1 (color online). An example of a registered two-proton
decay event of 45Fe. Top: an image recorded by the CCD camera
in a 25 ms exposure. A track of a 45Fe ion entering the chamber
from left is seen. The two bright, short tracks are protons of
approximately 0.6 MeV, emitted 535 �s after the implantation.
Bottom: a part of the time profile of the total light intensity
measured by the PMT (histogram) showing in detail the 2p
emission. Lines show results of the reconstruction procedure
yielding the emission angles # with respect to the axis normal to
the image.
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Halos, Borromean systems, neutron skin:

Near-threshold clustering,
trapped resonances:

Interplay continuum/collectivity:

Isolated vs. Overlapping
resonances, superradiance:
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different situations in atomic, molecular, condensed matter and nuclear

physics. We present a brief review of the theory and discuss selected appli-

cations to nuclear physics of low and intermediate energies, including the

suggestions for the SR as a reason for the narrow width of exotic baryons.

decay

channel

Coherent state

G~Ng

ND

V

Figure 1. Schematic figure show-
ing the SR mechanism.

2. Ingredients of the theory

1. The convenient approach to the unified theory of intrinsic states coupled

to the continuum is provided by the Feshbach projection techniques 12.

The full system is described by the Hermitian Hamiltonian H . The Hilbert

space is decomposed into two classes, internal, Q ≡ {|1〉}, and external, P =

{|c;E〉}, where c marks the continuum channels. The total eigenfunction

at energy E contains the contributions of both classes; they are coupled

by the matrix elements 〈c;E|H |1〉. Eliminating the external states by the

projection at given energy, one comes to the effective eigenvalue problem

in the intrinsic space, where the effective Hamiltonian is given by

HQQ(E) = HQQ +HQP
1

E −HPP + i0
HPQ. (1)

2. The internal energy-independent Hamiltonian HQQ determines the

eigenvalues ǫn of the states which would be bound without the continuum

coupling. This coupling converts at least some of them into resonances with

complex energies Ej = Ej − (i/2)Γj.

3. The effective Hamiltonian (1) depends on running energyE. The con-

tinua c are started at threshold energies Ec. At E > Ec, the denominator of

the propagator in eq. (1) contains singular terms corresponding to the real

(on-shell) decay into the channel c with energy conservation. The real part

∆ of the propagator corresponds to the principal value of the singular terms

and describes the virtual (off-shell) processes of coupling through all (closed

and open) channels, while only open channels contribute to the imaginary

part (−i/2)W that makes the effective Hamiltonian non-Hermitian.

•Low-energy virtual states,
•many-body resonances...
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Low-energy nuclear physics: emergence of a new paradigm

Near-threshold effects
(halos, clusterization).

Interplay between
continuum couplings

and collectivity.

Trapped resonances,
overlapping resonances.

Exotic
decay modes.
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Low-energy nuclear physics: emergence of a new paradigm

Near-threshold effects
(halos, clusterization).

Interplay between
continuum couplings

and collectivity.

Trapped resonances,
overlapping resonances.

Exotic
decay modes.

Emergent
phenomena

New effective
scales!

Nature of
the nuclear
Hamiltonian

Bound
states

Continuum
states

Stable nuclei

Bound
states

Continuum
states

Weakly bound/unbound nuclei
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Continuum couplings: a general problem

Physics close to the threshold:
•The Hamiltonian couples bound
states with continuum states.

E = 0

Coupled by excitations
⇒ Γ = 0

Excitations and decay
⇒ Γ > 0

New effective
scales

•Energy: E
•Width: Γ
⇒ T1/2 = h̵ ln(2)/Γ

Resonance.

Weakly bound
state (halo).

Well bound
state.

•Quantum systems
can break apart.

•Notion of open
quantum system.
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Consequences in nuclear physics

Sn > 0
(Γ = 0) Bound states

4He

Weakly bound states 6He

Sn = 0
Threshold 7He

Narrow resonances
(T1/2 >> 10−22 s)

Sn < 0
(Γ > 0)

25O

Broad resonances
(T1/2 ≈ 10−22 s)

7H?
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Nuclei as open quantum systems.
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•Wave function with outgoing asymptotics
(particle or cluster leaving).

•When can we talk about a nuclear state?

FRIB, MSU - Kévin Fossez 8



Nuclei as open quantum system

Quantum systems coupled to the environment of scattering states and decay channels.

Closed quantum
system

Bound states

Threshold

Bound states

Resonances

Scattering continuum

Open quantum
system

Nuclei can capture and emit nucleons
or clusters in the open quantum

system framework.

Structure and reaction channels
influence each other.

Unification of nuclear
structure and reactions
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Unification of nuclear structure and reactions

A question of feedback:

Structure

Stationary orbits
(bound states)

Reactions

Scattering states
(continuum)

Underlying structure affects
reaction channels.

Presence of reaction channels
affects structure

(w.f. “alignment”).

Decay

Capture
(reaction channels)

Note: The computa-
tional cost is in the
feedback.
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Quantum description of nuclei

Basic approximations in nuclear physics:

Fundamental approximations:

Phenomenological interactions
(no clear improvement scheme)

Bound state approximation
(no continuum couplings)

Mean-field
approximation

Inert core
plus valence space

Collective
degrees of freedom

Structure approximations:

Static optical
potentials

Statistical models for quasi-
continuum of bound states

Reactions approximations:

→ Separated treatments of nuclear structure and reactions. Invalid paradigm at low energy.
FRIB, MSU - Kévin Fossez 11



Quantum description of nuclear structure

Strategies to solve the nuclear problem: Schrödinger vs. Heisenberg
O
pe
ra
to
rc

or
re
la
tio

n
co
nt
en
t

Wave function complexity

Exact solution

bare
Ĥ

single SD

NCSM,
QMC,
DMRG

CC, IM-SRG

MR-CC/IM-SRG

HF

HFB

DFT

Coll. models

MBPT

VS-SM

SM

Unitary transformation: Û†Û = 1̂.
Eexact = ⟨Ψ∣Ĥbare∣Ψ⟩

= ⟨Ψ∣(Û†Û)Ĥbare(Û†Û)∣Ψ⟩
= ⟨ΨÛ†∣ÛĤbareÛ†∣ÛΨ⟩
= ⟨SD∣Ĥdressed∣SD⟩

→ One can either find ∣Ψ⟩, or an operator Û
that maps the noninteracting system of
“dressed” particles with the interacting system
of “bare” particles.
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Strategies to include continuum couplings I

Bound
states
Q̂ĤQ̂

Decay channels

Scattering states
P̂ĤP̂

Q̂ĤP̂P̂ĤQ̂

Feshbach projection formalism:
Q̂ + P̂ = 1̂.

Q̂: reference space.

P̂: medium or environment.

Resonating group method:
∣Ψ⟩ = ∑c ∣Ψc⟩.

Coordinate space description.

target/
core

projectile/
cluster

∣Ψ⟩ = ∑c=(ic ,jc) ∣Ψtarget⟩ic ⊗ ∣Ψcluster⟩jc .

Explicit asymptotics.

Momentum space
representation:

∣Ψ⟩ = ∫ dk ∣k⟩ ⟨k ∣Ψ⟩.

∣k⟩: plane waves,
directly into the con-
tinuum.

Example:
AGS-Faddeev (-
Yakubowski) Eqs.
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Strategies to include continuum couplings II

Uniform complex-scaling:

Û(θ)Ψ(r⃗) = e i 32 θΨ(e iθ r⃗).
Ĥ(θ) = Û(θ)ĤÛ−1(θ).

•Two-body.
•A-body.

Access
to
thresh.

Berggren basis:
∑

n∈(b,d)
∣u`(kn)⟩ ⟨ũ`(kn)∣ +∫

L+
dk ∣u`(k)⟩ ⟨ũ`(k)∣ = 1̂`,j .

Re(k)

Im(k)

discretized continuum
in momentum space

bo
un

d
st
at
es

decaying
resonances

Basis expansion technique, versatile.

Figures from J. Carbonnel et al., Prog. Part. Nucl. Phys. 74, 55 (2014)FRIB, MSU - Kévin Fossez 14



From nuclear structure to reactions

Many-body method

Structure
observables

RGM,
coupled-channels

for reaction channels

Microscopic
optical potentials

Predictions to guide/fit
reaction models

Reaction
theory, models

Reaction
observablespractical

doable

hard

FRIB, MSU - Kévin Fossez 15



Summary

At low energy:

Emergent exotic phenomena due to continuum couplings. Nuclei as open quantum systems.

From structure to reactions:

Feedback between structure and reactions, unified description. Real vs. complex energy meth-
ods, importance of reaction channels.

→ Knowing particularities of many-body methods is critical to revisit them in the continuum.
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Thank you for your attention!
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